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We investigate effects of coupling two chemical subsystems through diffusion of chemical species. We
consider the Langevin description of the actual microscopic dynamics and show that diffusive coupling
gives rise to a common noise term along with the deterministic interaction. As a model example, we
study two diffusively coupled Brusselator systems. By numerical Langevin simulations, we inspect the
effect of the common noise term on the total correlation between the two Brusselators; we also verify
the validity of the Langevin approach by comparison to simulations of the more accurate master equa-
tion. The intrinsic common noise has its strongest effect for the Brusselator dynamics operating at a sta-
ble fixed point far from the Hopf bifurcation; in this case, the common noise reduces the correlation of the
Brusselators significantly. We also show that for specific parameter sets the covariance between the sys-
tems is maximized (or minimized) at a finite system size.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction

Intrinsic noise is important in chemical reactions that involve
only a small number of molecules. This condition is met in many
biochemical reactions that occur in cells [1] which are additionally
subject to environmental (external) noise [1,2]. Dynamical
behaviors that are shaped by these noise sources range from mere
steady-state fluctuations [2] to sustained stochastic oscillations
[3–6] and transitions between metastable states [7].

Effects of intrinsic noise can be either studied by the master
equation for the actual number of reacting molecules [8] or by
the chemical Langevin equation (CLE) and its corresponding
Fokker–Planck equation [9,10]; the limitations of the latter have
been explored by Peter Hänggi in his early work, see, e.g. [11,12].
The CLE basically represents a stochastic version of the well-known
rate equations of chemical physics. Therefore, in many cases it is
more instructive than the master equation because in the deter-
ministic limit (infinitely many molecules), the CLEs correspond to
the standard rate equations. For example, if the rate equations
show a limit-cycle solution, it is plausible from the respective
Langevin equations that the corresponding finite system displays
stochastic oscillations. This behavior would be much harder to pre-
dict from the more exact but cumbersome master equation.
Numerical studies have shown that the Langevin equation can
ll rights reserved.
approximate the master equation faithfully for sufficiently high
number of molecules [10].

The description by a master equation becomes particularly
cumbersome for coupled chemical systems. Such systems are of
special interest because they are capable of cooperative behavior.
In order to theoretically describe phenomena like synchronization,
which are ubiquitous in a wide variety of natural systems [13],
coupled rate or Langevin equations are often considered instead
of the full master equation (for limitations of the rate-equation ap-
proach compared to the master equation in a coupled system, see
Ref. [14]). Such mathematical models can describe, for instance,
cooperative behavior in coupled biochemical systems, observed
across a large population of cells [15,16,4,17–19]. Here, intercell
signaling provides the dynamical coupling, for instance, by quorum
sensing [20,21] (signaling molecules exchanged between cells reg-
ulating their behavior).

Distributed systems can show strong correlations even if its ele-
ments are uncoupled but all elements are driven by a common
stimulus. This has been studied in detail, for generic limit-cycle
oscillators [22,23] and for excitable neural models [24] as well as
experimentally in real neurons [25,26].

In this paper we are interested in the effects of intrinsic com-
mon noise arising from the coupling of chemical systems. From a
theoretical point of view, this brings together the two different ori-
gins of cooperative behavior emerging in distributed systems: cou-
pling and common stimulus. As an example, consider two
subsystems specified by variables fXg and fX0g and having similar
reaction channels. Assume that there is one chemical species, say
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Xi and X0i which can freely diffuse between them [27]. The corre-
sponding reaction channels

Xi �
e

e0
X 0i; ð1Þ

couple the two subsystems. Depending on the rate of diffusion gov-
erned by e and e0, the other variables Xj and X0j (with j – i) can display
correlations. As we will argue in the next section, such coupling via
Eq. (1) introduces besides the usually considered deterministic
interaction term, a common noise term in the chemical Langevin
equation for the coupled system. The specific form of the common
noise is multiplicative (it involves the number of molecules of the
diffusing species) and anti-correlated between the systems (it enters
with different signs into the dynamics of the two subsystems). In or-
der to separate out the effects of the deterministic coupling and the
common noise, we artificially set one of them to zero and compare
the resulting correlation statistics to those of the full system. We
also compare our extensive simulations of the chemical Langevin
equations with simulations of the master equation. We aim at a
thorough characterization of the effect of intrinsic noise in the sys-
tem of two coupled Brusselators by looking at the equal-time covari-
ance and the corresponding correlation coefficient [see Eqs. (15) and
(16)] for various dynamical regimes of the Brusselator model.

In Section 2, we discuss the effect of coupling two arbitrary
chemical systems diffusively, and introduce our methodology of
study. In Section 3, we study the equal-time cross-correlation of
two coupled Brusselators taking separately into account determin-
istic coupling and intrinsic common noise. We conclude in Section
4 with a summary and discussion of our results.

2. Methodology and coupling mechanism

A chemical process at the microscopic level can be specified by
a set of elementary processes which are symbolically written as a
set of ‘‘reaction” channels

Xi þ Xj þ � � �!
cm Xk þ X‘ þ � � � ; ð2Þ

where the X represent the number of molecules of different chem-
ical species (represented by the subscript), and cm is the rate for the
mth such channel. The time evolution of such a system can be trea-
ted as a stochastic process where the chemical species XiðtÞ are ran-
dom variables. Such molecular fluctuations are often referred to as
internal noise since their origin is in the very mechanism of the evo-
lution of the state of the system [9]. The strength of the noise de-
pends on the volume of the system and the reaction propensities
and is not always small enough to be treated perturbatively.

As is well known, such a system is described by a master equa-
tion (ME) [9] for the evolution of configurational probabilities [9],
which is written as

d
dt

PðC; tÞ ¼
X

C0
PðC 0; tÞWC0!C �

X
C0

PðC; tÞWC!C0 ; ð3Þ

where PðC; tÞ is the probability of configuration C at time t and {W}
are the transition probabilities.

One way to study such a system is by using stochastic simula-
tion techniques [8]. The Gillespie algorithm [8] is consistent with
the master equation formalism and gives a numerical method to
study the time evolution of different chemical species. Alterna-
tively, one can obtain the chemical Langevin equation (CLE) for
the system, which provides an approximate description for suffi-
ciently large system size [10]. In general, these will have the form

dXiðtÞ
dt

¼
XM

j¼1

mjiajðXðtÞÞ þ
XM

j¼1

mjia
1=2
j ðXðtÞÞnjðtÞ; ð4Þ

where mji is the change in Xi produced by the jth reaction (typically, an
integer number), ajðXðtÞÞ is the propensity of jth reaction and njðtÞ are
temporally uncorrelated, statistically independent Gaussian white
noises with hniðtÞi ¼ 0 and hniðtÞnjðt0Þi ¼ dijdðt � t0Þ. Note that the
Xi’s are treated as continuous rather than discrete variables and that
the equations have to be interpreted in the sense of Ito [9]. This equa-
tion can be solved numerically by the simple Euler scheme:

Xiðt þ dtÞ ¼ XiðtÞ þ
XM

j¼1

mjiajðXðtÞÞdt þ
XM

j¼1

mjia
1=2
j ðXðtÞÞNjðtÞðdtÞ1=2

;

ð5Þ
where NjðtÞ are normally distributed variables with zero mean and
unit variance. Instead of considering the number of molecules, we
use in the following the concentrations xi ¼ Xi=V (V is the volume)
and their corresponding Langevin equations. Because the propensi-
ties ai scale with the volume, the deterministic parts of the Langevin
equations for the concentrations will be (largely) independent of
the volume, whereas the stochastic force scales like V�1=2.

Let us consider two uncoupled chemical systems with species
denoted by X and X0 and corresponding concentrations x and x0,
with identical reaction schemes and the same chemical rates.
The Langevin equations for the two uncoupled systems will have
the general form:

_x ¼ f ðxÞ þ gðx;VÞnxðtÞ; ð6Þ
_x0 ¼ f ðx0Þ þ gðx0;VÞnx0 ðtÞ; ð7Þ

where nxðtÞ and nx0 ðtÞ are uncorrelated Gaussian white noises. The
functional form of f and g depends on the actual reaction schemes
and is given by Eq. (4). If we now couple the two systems diffusively
via Eq. (1), following the prescription of Eq. (4), we obtain an addi-
tional deterministic interaction term in the drift term of the Lange-
vin equation and an additional common noise term in the
fluctuating driving force:

_x ¼ f ðxÞ þ eðx0 � xÞ þ gðx;VÞnxðtÞ �
ffiffiffiffiffi
ex
V

r
nð1ÞC ðtÞ þ

ffiffiffiffiffiffi
ex0

V

r
nð2ÞC ðtÞ; ð8Þ

_x0 ¼ f ðx0Þ þ eðx� x0Þ þ gðx0;VÞnx0 ðtÞ þ
ffiffiffiffiffi
ex
V

r
nð1ÞC ðtÞ �

ffiffiffiffiffiffi
ex0

V

r
nð2ÞC ðtÞ: ð9Þ

Since nð1ÞC ðtÞ and nð2ÞC ðtÞ are independent noise sources

with nðiÞC ðtÞn
ðjÞ
C ðt0Þ

D E
¼ dðiÞðjÞdðt � t0Þ

� �
appearing due to the coupling,

we can write,ffiffiffiffiffi
ex
V

r
nð1ÞC ðtÞ �

ffiffiffiffiffiffi
ex0

V

r
nð2ÞC ðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eðxþ x0Þ

V

r
nCðtÞ: ð10Þ

where nCðtÞ is an uncorrelated Gaussian white noise. Eqs. (8) and (9)
is then written as,

_x ¼ f ðxÞ þ eðx0 � xÞ þ gðx;VÞnxðtÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eðxþ x0Þ

V

r
nCðtÞ; ð11Þ

_x0 ¼ f ðx0Þ þ eðx� x0Þ þ gðx0;VÞnx0 ðtÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eðxþ x0Þ

V

r
nCðtÞ: ð12Þ

The deterministic interaction term has the usual form of Hooki-
an spring and will be also referred in the following as the deter-
ministic coupling. This term will typically lead to positive
correlations between x and x0. The common noise term (the last
one in both equations) is special in several respects. First, it enters
both equations with opposite signs, i.e., the common noise terms
affecting x and x0 are actually anti-correlated. So, it is plausible that
this term may lead to negative correlations or at least reduce posi-
tive correlations (which are due to the deterministic coupling).
Secondly, the amplitude of the common noise is determined by
the sum of x and x0. A sudden increase in either of the variables will
lead to a sudden increase of the noise level in both systems. Below
we will see an example where such an increase can also lead to po-
sitive correlations.
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Fig. 1. Dynamical behavior in the ða� bÞ parameter space. The grey and the dark
regions corresponds to fixed point behavior and oscillatory behaviors, respectively.
The boundary between the two shows the Hopf bifurcation transition from one
dynamical behavior to the other. We study the correlation properties in the labeled
points (I–V). Point II is compared with point IV in Fig. 2. All the parameter values are
given in Table 1. (For interpretation of the references in color in this figure legend,
the reader is referred to the web version of this article.)

Table 1
Parameter values for points (I–V) of the chemical Brusselator in Fig. 1; in all cases
c2 ¼ 50; c3 ¼ 5� 10�5.

Re a b c1 c4

I 0.384 7:28� 10�2 8:0� 104 80

II 0.667 3:0� 10�2 2:25� 104 25

III 0.5123 9:9955� 10�3 1:9279� 104 47.599

IV 0.9091 3:75� 10�3 5:0� 103 5

V 0.968 1:0� 10�3 2:348� 103 1.653
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In order to contrast the effects of the deterministic coupling and
the common noise, we label the different coupling contributions as
eD and eC and rewrite Eqs. (11) and (12) as follows:

_x ¼ f ðxÞ þ eDðx0 � xÞ þ gðx;VÞnxðtÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eCðxþ x0Þ

V

r
nCðtÞ; ð13Þ

_x0 ¼ f ðx0Þ þ eDðx� x0Þ þ gðx0;VÞnx0 ðtÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eCðxþ x0Þ

V

r
nCðtÞ: ð14Þ

With this labeling we can now compare the contributions of com-
mon noise coupling and deterministic coupling separately and
hence can study the effect on the total correlation. We study the
correlation properties for a general homogeneously coupled system
for three different cases, namely (i) with both deterministic interac-
tion and common noise present ðeD ¼ eC – 0Þ, (ii) with only deter-
ministic interaction present, the common noise artificially
switched off ðeD – 0; eC ¼ 0Þ, and (iii) with only common noise,
the deterministic interaction being artificially switched off
ðeD ¼ 0; eC – 0Þ.

The correlation properties of the coupled system are studied by
computing the equal-time cross-correlation function, namely the
covariance Cxx0

Cxx0 ¼ lim
t!1
½hxðtÞx0ðtÞi � hxðtÞihx0ðtÞi�: ð15Þ

The fraction of shared fluctuations between the systems is quanti-
fied by the cross-correlation coefficient qxx0 :

qxx0 ¼ lim
t!1

hxðtÞx0ðtÞi � hxðtÞihx0ðtÞi
rxrx0

� Cxx0

rxrx0
; ð16Þ

where rx and rx0 are the standard deviations for the signals xðtÞ and
x0ðtÞ, respectively. If qxx0 is close to one, the two systems can be con-
sidered to be strongly coupled.

3. The Brusselator model

We study a model chemical reaction system, the so-called
Brusselator, which has been extensively investigated before
[28]. The Brusselator corresponds to the following reactions
scheme [8]:

A1!
k1 X; ð17Þ

A2 þ X!k2 Y þ A3; ð18Þ

2X þ Y!k3 3X; ð19Þ

X!k4 A4: ð20Þ

Following Eq. (4), and writing in terms of concentrations x and
y, the chemical Langevin equations corresponding to the reaction
scheme of Eq. (17) is given by

_x ¼ c1 � c2xþ c3

2
x x� 1

V

� �
y� c4xþ eðx0 � xÞ þ

ffiffiffiffiffi
c1

V

r
n1ðtÞ

�
ffiffiffiffiffiffiffi
c2x
V

r
n2ðtÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3

2V
x x� 1

V

� �
y

s
n3ðtÞ �

ffiffiffiffiffiffiffi
c4x
V

r
n4ðtÞ; ð21Þ

_y ¼ c2x� c3

2
x x� 1

V

� �
yþ

ffiffiffiffiffiffiffi
c2x
V

r
n2ðtÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3

2V
x x� 1

V

� �
y

s
n3ðtÞ; ð22Þ

where x ¼ X=V and y ¼ Y=V . The new parameters ci’s are given by
c1 ¼ k1

A1
V ; c2 ¼ k2

A2
V ; c3 ¼ k3 and c4 ¼ k4, respectively (A1ðVÞ=V

and A2ðVÞ=V are the volume-independent concentrations of the res-
ervoir molecules).

In the macroscopic limit ðV !1Þ, one can derive a set of deter-
ministic reaction-rate equations for the average concentrations,
_x ¼ c1 � c2xþ c3

2
x2y� c4x; ð23Þ

_y ¼ c2x� c3

2
x2y: ð24Þ

By suitably varying the parameters in Eqs. (23) and (24), one gets
either limit cycle or stationary solutions.

One can write the condition for Hopf bifurcation from the trace
condition (see Appendix A) in terms of two parameters a and b, as

ð2a� 1Þð1� aÞ2 ¼ b; ð25Þ

where a ¼ c2=ðc2 þ c4Þ and b ¼ c2
1c3

� �
=½2ðc2 þ c4Þ3�. In Fig. 1, we plot

Eq. (25) in ða� bÞ parameter space, which divides the regions of
limit cycle (dark) and fixed point (grey) behavior. In the present
work we obtain a, b values by varying c1 and c4, whereas c2 and
c3 are kept fixed (see Table 1).

The nature of the oscillations depends on the position inside the
dark region in Fig. 1. For example, in Fig. 2, we compare two differ-
ent oscillatory behaviors corresponding to the parameter sets II
and IV (see Table 1). Point II corresponds to a smooth limit-cycle
behavior with comparable time-scales, whereas for point IV relax-
ation oscillations due to alternating slow and fast dynamics are ob-
served. We also inspect the statistics at two points close to the
Hopf bifurcation line but situated in the stable-fixed-point regime.
Point III is chosen close to the left boundary where the transition to
the limit-cycle behavior is smooth, i.e., the amplitude of the limit
cycle grows slowly on crossing the Hopf bifurcation. At point V,
in contrast, the behavior of the system is excitable, implying that



Þ;

Fig. 2. Comparison of different limit-cycle behaviors for a single Brusselator model for different parameters. (a) Phase portrait (blue) plotted along with the null-clines of x
(red) and the y (orange) for point II (arrows indicate direction of motion along the limit cycle). The time-scales of x and y are comparable giving rise to a smooth limit cycle as
seen in (c) where the corresponding time series of x and y variables are plotted. (b) Phase portrait and null-clines for the relaxation oscillator (point IV). The different regimes
of slow and fast dynamics along the limit cycle are specified. The corresponding time-series are shown in (d). (For interpretation of the references in color in this figure legend,
the reader is referred to the web version of this article.)
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a sufficiently strong perturbation elicits a large stereotypical re-
sponse corresponding to one detour in phase space [29].

In the following, we consider two Brusselators coupled diffu-
sively through species X and X0. The system is then enlarged to

A1!
c1 X; A1!

c01 X 0;

A2 þ X!c2 Y þ A3; A2 þ X0 !
c02 Y 0 þ A3;

2X þ Y!c3 3X; 2X 0 þ Y 0 !
c03 3X0;

X!c4 A4; X0 !
c04 A4;

X �
e

e
X0:

ð26Þ

Previous studies have focused on phase synchronization of the two
Brusselators in the inhomogeneous system (i.e., ci – c0i) [27] and on
the effect of coupling via the variable Y [30]. In this work we con-
sider the homogenous case, i.e., ci ¼ c0i. Similarly as before, the CLE
corresponding to the reaction scheme of Eq. (26) can be written
as follows:

_x ¼ fxðx; yÞ þ eDðx0 � xÞ þ gxðxÞffiffiffiffi
V
p nxðtÞ þ

gyðx; yÞffiffiffiffi
V
p nyðtÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eCðxþ x0Þ

V

r
nCðt

_y ¼ fyðx; yÞ �
gyðx; yÞffiffiffiffi

V
p nyðtÞ;

_x0 ¼ fxðx0; y0Þ þ eDðx� x0Þ þ gxðx0Þffiffiffiffi
V
p nx0 ðtÞ þ

gyðx0; y0Þffiffiffiffi
V
p ny0 ðtÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eCðxþ x0Þ

V

r
nCðtÞ;

_y0 ¼ fyðx0; y0Þ �
gyðx0; y0Þffiffiffiffi

V
p ny0 ðtÞ;

ð27Þ

where fxðx; yÞ ¼ c1 � c2xþ c3xðx� 1=VÞy=2� c4x; f yðx; yÞ ¼ c2x�
c3xðx�1=VÞy=2; gxðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1þ c4x
p

; gyðx;yÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½c2þ c3ðx�1=VÞy=2�x

p
and noise terms with different indices are statistically independent.

The CLE remains an approximation to the master equation that
is valid only for sufficiently large system size (volume V). In partic-
ular, the CLE fails if particle numbers are small and thus the dis-
crete character of the stochastic problem becomes apparent. A
criterion for the validity of the approximation is thus whether par-
ticle numbers are likely to be small, i.e., whether the steady-state
probability for a certain species to be below a certain threshold
is sufficiently small. Following this idea, we define a critical system
size Vcr , below which the Langevin description is not reliable, in the
following way. At a fixed volume, we obtain by simulation of the
master equation a long trajectory of the number of molecules of
the species X. From this we estimate the probability of the variable
to be below a certain threshold value (here we choose Xthreshold ¼ 2),
i.e., PðX < XthresholdÞ. By repeating this estimation for different vol-
umes, we find the volume for which PðX < XthresholdÞ � 0:1, i.e., the
probability to find a particle number below 2 is 10%. This volume
is defined as the critical one and indicated by vertical dashed lines
in Figs. 4, 6, 7, and 9.

In the next section, we study the correlation properties for the
above system in the different dynamical regimes (see Fig. 1),
namely stationary (I), oscillatory (II and IV) and close to the bifur-
cation line (III and V). The master equation is simulated with a sim-
ple Monte-Carlo algorithm while we use a simple Euler procedure
according to Eq. (5) for the different versions of the chemical
Langevin equation. For the Langevin equation, we perform simula-
tions with only the deterministic coupling, only with common
noise, or with both coupling-induced terms.
3.1. Fixed-point behavior (point I)

This parameter set (point I in Fig. 1) corresponds to a stable
fixed point far away from the bifurcation boundary. We first ex-
plain the correlation statistics for varying system size and coupling
strength (Fig. 3) as seen in the simulation of the master equation
(orange lines).

For small system size, the concentrations of the species x and x0

fluctuate about a steady-state value which corresponds to the sta-
ble fixed point. The amplitude of the fluctuations decays as we go
to larger system size (not shown). This also reduces the covariance
Cxx0 between the two systems (Fig. 3a). However, the ratio between
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covariance and variance, i.e., the correlation coefficient qxx0 , re-
mains approximately constant (Fig. 3c). Because the two Brussela-
tors show only small fluctuations around their respective fixed
point, their behavior is similar to that of two coupled linear sys-
tems for which the correlation coefficient indeed does not depend
on the system size. Fixing the volume to a small value and varying
the coupling, we observe an increase in both the covariance and
the correlation coefficient (Fig. 3b and d).
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Turning to the Langevin simulation with both deterministic
coupling and common noise (maroon lines), we first note the
excellent agreement with the results from the master equation.
The critical volume is rather small in the stable-fixed point case
and is outside the region of system sizes considered ðVcr < 0:01Þ.
As pointed out above, the fluctuations around the steady-state
are rather small implying that the number of molecules falls rarely
below Xthreshold.
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Fig. 5. Behavior of the smooth oscillator dynamics (parameter set II) at different system sizes. (a) Phase-portrait at three different volumes (see legend) illustrating the (clock-
wise) motion on the limit cycle with noise-dependent amplitude. At small volume (black points) corresponding to a large noise intensity, the diameter of the limit cycle is
large and, consequently, xðtÞ as demonstrated in (b) possesses a large variance. At moderate (orange) and large (indigo) volume, the limit cycle shrinks towards its
deterministic size and, thus, the variability of xðtÞ decreases to that given by the deterministic oscillation [cf. (c) and (d), and red line in Fig. 2c]. (For interpretation of the
references in color in this figure legend, the reader is referred to the web version of this article.)
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Switching off the common noise (green lines), the covariance
(Fig. 3a and b) as well as the correlation coefficient (Fig. 3c and
d) between the Brusselators increase. In particular, qxx0 increases
by a factor of two when no common noise is present (Fig. 3c). Be-
cause the common noise is anti-correlated in the dynamics of x and
x0, it counteracts the positive correlations and reduces them. Con-
sequently, without the anti-correlated common noise, positive cor-
relations become stronger. This picture is further supported by our
simulations with only common noise but without deterministic
coupling (red lines in Fig. 3). A clear negative correlation is ob-
served in this case.

In Fig. 3, we also plot the covariance and the correlation coeffi-
cient from the linearized theory (blue lines) and compare with the
simulations. The theoretical lines are in very good agreement with
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the simulation results except at small system sizes (Fig. 3a and c),
where one observes a systematic deviation. This is due to the fact
that we approximate the multiplicative noise terms as additive
noise sources with an intensity evaluated at the stationary point.
This approximation fails at very small system size where the ef-
fects of multiplicative noise become crucial. The details for solving
the linearized Langevin equation and obtaining the cross-correla-
tion coefficients are discussed in Appendix B.

3.2. Smooth oscillations (point II)

For this parameter set (point II in Fig. 1), x and x0 oscillate with
relatively small amplitudes (see Fig. 2a and c for an example of the
deterministic case V !1). As before we first focus on the correla-
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tions statistics for the master equation simulations (orange lines in
Fig. 4).

The covariance (Fig. 4a) first decreases with increasing volume,
reaches a minimum, and then increases again to saturate in the
deterministic limit. In order to understand the decrease at small
volume, we show in Fig. 5 the stochastic limit cycles in the Lange-
vin approximation for three different volumes. By increasing an
initial small volume of log10V ¼ �1:5 to log10V ¼ 0 and further to
log10V ¼ 1 the amplitude of the limit cycle for both Brusselators
shrinks considerably and will be further reduced upon increasing
the volume to the small deterministic limit cycle shown in
Fig. 2a. Put differently, the intrinsic noise of the finite system trans-
lates not only into a phase noise for the motion along the limit cy-
cle but also into strong amplitude fluctuations. The decrease in the
variance with growing system size is the reason for the initial de-
crease in the covariance. This is also supported by the observation
that the correlation coefficient, i.e., the amplitude-normalized cor-
relation, increases with growing volume (Fig. 4c). The plateau at
large system size indicates complete synchronization of the two
oscillators – all the variance and covariance in this deterministic
limit is due to the motion along the limit cycle which is seen as
an oscillation in xðtÞ. Note that complete synchronization is
achieved at arbitrarily small coupling strength, because we con-
sider two identical oscillators. Synchronization of the systems
can be also observed at small system size if the coupling in suffi-
ciently increased. As demonstrated in Fig. 4b and d both the covari-
ance and the correlation coefficient are monotonically increasing
functions of the coupling strength that saturate at about e ¼ 100.

The Langevin simulation including both deterministic coupling
and common noise (maroon lines in Fig. 4) is again in excellent
agreement with the master equation simulation as long as the sys-
tem size is larger than the critical volume (here Vcrit ’ 0:013).
Without common noise (green lines), the correlation becomes lar-
ger – an effect that is particularly well seen at small system size
where the noise (and not the limit-cycle motion) makes the stron-
gest contribution to the covariance. Thus, neglecting the common
-2 -1 0 1 2
0.0

7.5×10
5

1.5×10
6

2.25 ×10
6

ME
CLE
CLE (ε

C
=0)

CLE (ε
D

=0)

-2 -1 0 1 2
0

0.2

0.4

0.6

0.8

1

ε 4=

ε = 4

C
xx

log
10

V

log
10

V

ρ xx
/

/

V
cr

IV

a

c

Fig. 7. Correlation between x and x0 in oscillatory regime (point IV in Fig. 1). (a) Cxx0 versu
volume ðVcr � 0:04Þ. (b) Cxx0 versus coupling strength (for the three Langevin equation
ðV ¼ 0:1Þ. Similarly qxx0 versus system size and coupling in (c) and (d), respectively. (For i
the web version of this article.)
noise can lead to an overestimation of the correlation and may re-
sult in an error of about 20%.

Common noise alone (red lines) leads as in the stable-fixed
point case to negative correlations because the common noise
terms enter with different signs in the dynamics of x and x0. Clearly,
the deterministic coupling is the dominating factor in the correla-
tion statistics.

3.3. Close to the bifurcation at the left boundary (point III)

In this case we are in the fixed-point regime but very close to
the bifurcation boundary on the left side (point III in Fig. 1). On
crossing the boundary one observes small-amplitude oscillations
as typical for a supercritical Hopf bifurcation.

The simulation of the master equation (orange lines in Fig. 6) re-
veal a covariance of x and x0 that decreases with increasing system
size (Fig. 6a). Similarly to the oscillatory case considered in the pre-
vious subsection, this is caused by a reduction of the overall ampli-
tudes of the two Brusselators. The correlation coefficient, in
contrast, increases monotonically with V and saturates at a value
about 0.6 (see Fig. 6c). Thus, in marked contrast to the case of a
fixed point far away from the bifurcation, here qxx0 depends
strongly on the volume (cf. Fig. 6c to Fig. 3c). This is due to the
nonlinearity of the dynamics that becomes noticeable at suffi-
ciently high intrinsic noise (i.e., sufficiently small volume).

Again we find the same agreement between simulations of the
master equation (orange lines) and of the full Langevin equations
including both deterministic coupling and common noise (maroon
lines). Interestingly, when we switch off the common noise (green
lines), the correlations increase slightly as in the cases considered
above but remain close to the full Langevin and the master equa-
tion simulations; deviations from the full solution are largest at
small volume (cf. Fig. 6a) and large coupling (cf. Fig. 6b and d).
With only common noise but without deterministic coupling (red
lines), we observe again a slight negative correlation between x
and x0 for the same reason as in the previous cases, i.e., because
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Fig. 8. Behavior of the relaxation oscillator dynamics (parameter set IV) at different system size. (a) Phase-portrait at three different volumes (see legend) illustrating the
motion on the limit cycle (clock-wise motion). At small volume (black points) corresponding to a large noise intensity, the trajectory takes ‘‘short-cuts” which make the pulse
height in xðtÞ variable and reduce their mean value as demonstrated in (b). At moderate (orange) and large (indigo) volume, the pulse height becomes larger and less variable
[cf. (c) and (d)], resulting in a larger variance of xðtÞ. (For interpretation of the references in color in this figure legend, the reader is referred to the web version of this article.)
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of the anti-correlation of the common-noise terms in the dynamics
of x and x0.

We also plot the covariance and the correlation coefficient from
the linearized theory (blue lines) and compare with the simula-
tions. The theoretical lines agree with the simulation results only
on approaching large system size (Fig. 3a and c). This is due to
the fact that close to the bifurcation nonlinearities become crucial
already at intermediate system size.

3.4. Relaxation oscillations (point IV)

In this case we observe relaxation oscillations (point IV in Fig. 1)
where x and x0 oscillate with much larger amplitudes and alternate
between regions of fast and slow motion along their limit cycles
(see Fig. 2b and d for a comparison).
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In Fig. 7a, the master equation simulation (orange lines) reveals
that the covariance of x and x0 increases monotonically with
increasing system size until it saturates to a fixed value as one ap-
proaches the deterministic limit. This is in contrast to the smooth
oscillatory case in Fig. 4a where we observed a minimum of the
covariance versus volume. In this latter case, the smooth limit cy-
cle (parameter set II) is significantly enlarged by noise [cf. Fig. 5],
whereas the amplitude of the relaxation oscillator considered here
decreases slightly with increasing levels of noise. The latter effect is
illustrated in Fig. 8: noise allows the trajectory to take short-cuts
along the limit cycle (corresponding to the upstroke in xðtÞ) which
leads on average to smaller pulses and thus to a reduced variance.
So increasing the volume results in larger pulses in xðtÞ and will
thus also increase the covariance. At the same time, a reduced
intrinsic noise allows the two oscillators to synchronize their mo-
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tions around the limit cycle better. Both effects contribute to the
growth of covariance with increasing volume. Because of the en-
hanced synchronization at large volume, the correlation coefficient
also increases monotonically with increasing system size [cf.
Fig. 7c]. In Fig. 7b and d, we demonstrate that the covariance and
the correlation coefficient show a likewise monotonic increase
with the coupling strength; saturation occurs at e � 10.

The Langevin simulation including both deterministic coupling
and common noise (maroon lines) is again in very good agreement
with the master equation simulations as long as the system size is
above the critical volume (here Vcrit ’ 0:04). The critical volume is
larger than in the previous cases due to the fact that the concentra-
tions x and x0 attain very low values during their stochastic oscilla-
tion cycles.

In the case of relaxation oscillations, the common noise does
not have a significant impact (see Fig. 7). Neglecting the common
noise terms (green lines), the correlations are close to the one ob-
tained from full Langevin simulations (maroon lines) and the re-
sults of the Master equation (orange lines). Curiously, if we only
use the common noise term but neglect the deterministic coupling,
we observe also a positive correlation between the oscillators in
marked contrast to the negative correlations that were seen in this
scenario for the parameter sets I–III. We have found that this posi-
tive correlation is due to a noise-induced synchronization between
the oscillators. We recall that the intensity of the common noise
term depends on the values x and x0. If one oscillator attains large
values of x (or x0), this increases strongly the common noise term in
both oscillators. In many systems an increased noise increases the
instantaneous speed of a noisy limit-cycle oscillator (see e.g. [31]
and the inset of Fig. 4 therein). Under circumstances that are met
for parameter set IV (and also V, see below), the noise-induced
speedup can partially synchronize the oscillators. Interestingly,
this synchronization effect is maximized at a finite strength of
the coupling-induced common noise [cf. Fig. 7d, red line].
3.5. Excitable behavior (point V)

In this case we are in the fixed point regime but close to the
bifurcation boundary on the right side (point V in Fig. 1). On cross-
ing the boundary, one would observe relaxation oscillations.

The master equation simulation in Fig. 9a [orange lines] shows
that the covariance between x and x0 increases initially with
increasing system size, reaches a maximum value and then de-
Fig. 10. Behavior of the excitable dynamics (parameter set V) at different system size. (a
motion around the noise-induced limit cycle. At small volume (black points) correspond
height of the pulses in xðtÞ shown in (b). At moderate volume (orange), the pulse rate i
maxima in variance and covariance versus volume [cf. Fig. 9a]. Upon further increasing th
of the time around its stable fixed point, which leads to a small value of the variance for
reader is referred to the web version of this article.)
creases towards zero at larger volume. In other words, there is
an optimal volume (noise level) that maximizes the correlation be-
tween the Brusselators. A maximum is also found for the correla-
tion coefficient as a function of system size, although at higher
volume [cf. Fig. 9c]. Both maxima rely on the fact that the system
at point V is excitable. Whereas the covariance and correlation
coefficient increase at small volume for the very same reasons as
discussed for the relaxation oscillator case, both functions drop
at high volume because in the excitable regime the spiking stops
when the intensity of the intrinsic noise tends to zero. This is also
true for the variance of the system as illustrated in Fig. 10.

Turning to the Langevin simulations with both deterministic
coupling and common noise (maroon curves), we find excellent
agreement with the master equation simulations. Switching off
the common noise (green lines), the correlations always remain
close to the full Langevin description and the master equation sim-
ulations, showing that the common noise plays a negligible role.
For the Langevin simulations with only intrinsic common noise
present (red lines), the covariance and the correlation coefficients
are both positive and show also maxima versus system size.
4. Discussion

Coupling between chemical processes arises in various cellular
and sub-cellular processes. Diffusion of molecules accounts for in-
ter- or intra-cellular signaling. Coupling by diffusion has been re-
cently studied in the biological context [16,5,4,17]. For instance,
artificial gene regulatory networks have been suggested wherein
individual networks are coupled across cells via diffusion of so-
called auto-inducer molecules [16,5,4]. Although the master equa-
tion formalism is best for studying such intrinsically stochastic sys-
tems, for moderately large systems the corresponding Langevin
description is sometimes more transparent and convenient for
analysis.

In this work we have shown that coupling through diffusion of
chemical species gives rise to an intrinsic common noise term in
the Langevin picture. We extensively studied various dynamical re-
gimes of the coupled Brusselator system by means of the master
equation and the Langevin description. The latter allowed us to
artificially switch off one of the coupling terms (either determinis-
tic coupling or common noise) and thus to gauge their effect on the
correlation of the two Brusselators. Our distinction between cou-
pling-induced common noise and deterministic coupling makes
) Phase-portrait at three different volumes (see legend) illustrating the (clock-wise)
ing to a large noise intensity, the trajectory takes ‘‘short-cuts” which diminishes the
s lowered but the pulse height is large and does not vary (c) – here xðtÞ possesses
e volume (indigo), spiking becomes rare because the excitable system resides most
xðtÞ [cf. (d)]. (For interpretation of the references in color in this figure legend, the
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sense only at the level of the chemical Langevin equation and
therefore requires the validity of this equation. We compared
throughout our Langevin equation simulations with simulations
of the original master equation which were found to be in very
good agreement.

For all inspected parameter sets, results of Langevin simulations
with only deterministic coupling are qualitatively similar to those
of the Langevin simulations of the full system and to the master
equation. In contrast, the Langevin simulations with only common
noise showed in most cases a qualitatively different behavior
(leading, for instance, to negative instead of positive correlations).
In general, neglecting the common noise term results in a quanti-
tative error compared to the master equation simulations; this er-
ror is largest at small volume and large coupling in all cases
considered.

Regarding the influence of the operation point of the system on
the significance of the intrinsic common noise, we observed the
following. In the stable-fixed point regime, the common noise
makes a significant contribution to the total correlation. This con-
tribution decreases as we go from the linear stable-fixed point re-
gime via the smooth-oscillatory regime to the relaxation-oscillator
regime. Roughly speaking, the effect of the common noise de-
creases as the dynamics of the Brusselator ‘‘becomes more nonlin-
ear”. As a consequence, for parameter sets where the system
displays relaxation oscillations or an excitable behavior, the com-
mon noise term can be safely neglected for all volumes and cou-
pling strengths for which the Langevin description is valid.

Our work is a first step in understanding the effect of intrinsic
common noise arising due to diffusive coupling. We considered
here a minimal model of two chemical Brusselators coupled via
diffusion of a single chemical species where the effect of the com-
mon noise was rather modest. One could also consider non-identi-
cal oscillators, diffusion of more than one species, and more than
two coupled chemical systems. Such scenarios will give rise to
multiple deterministic interaction and intrinsic common noise
terms. It is not clear how the latter will affect the dynamics of
the coupled system and whether in some situations common noise
could dominate the correlations among the systems.

Besides the study of the importance of intrinsic common
noise in the two coupled systems, we found two remarkable
noise-induced effects on the correlation of the two Brusselators.
The covariance can be minimized for a certain volume (i.e., for a
finite level of intrinsic noise) if the single system exhibits
smooth oscillations with an amplitude dynamics significantly af-
fected by noise. Secondly, for the Brusselators operating in a
strongly excitable regime the covariance and also the correlation
coefficient between the oscillators can be maximized at a finite
system size, i.e., at a finite level of the intrinsic noise. For a sin-
gle Brusselator system [32] in the excitable regime as well as for
other excitable systems with chemical noise [6,33], effects in-
duced by varying the intrinsic noise (via changing the system
size) have been explored. In particular, it has been shown [32]
that the regularity of the pulse train in the excitable Brusselator
is maximized at a finite level of intrinsic noise, an effect known
as intrinsic coherence resonance [6]. How the maxima in corre-
lation and in pulse train coherence are related is an interesting
problem for future studies.

Appendix A. Stability analysis of the deterministic system

Here we outline the stability analysis (applying standard tech-
niques, see e.g. [34]) in terms of the effective parameters a and b.
It is convenient to reduce the number of parameters in the deter-
ministic Brusselator model by scaling the time variable
~t ¼ ðc2 þ c4Þt by which Eqs. (23) and (24) turns into
_x ¼ ~c1 � xþ ~c3x2y; ðA:1Þ
_y ¼ ~c2x� ~c3x2y; ðA:2Þ
where ~c1 ¼ c1=ðc2 þ c4Þ; ~c2 ¼ c2=ðc2 þ c4Þ and ~c3 ¼ c3=2ðc2 þ c4Þ,
respectively.

In terms of the new constants the null-clines of the system of
Eqs. (A.1) and (A.2) are given by

y _x¼0 ¼ x� ~c1

~c3x2 ; y _y¼0 ¼
~c2

~c3x
ðA:3Þ

leading to the fixed point x0 ¼ ~c1=ð1� ~c2Þ; y0 ¼ ~c2ð1� ~c4Þ=~c1~c3. The
Jacobian at the stationary point is,

J ¼
2~c2 � 1

~c2
1
~c3

ð1�~c2Þ2

�~c2 � ~c2
1
~c3

ð1�~c2Þ2

2
64

3
75; ðA:4Þ

and its trace is given by

Tr ¼ ð2~c2 � 1Þ �
~c2

1~c3

ð1� ~c2Þ2
¼ ð2a� 1Þ � b

ð1� aÞ2
; ðA:5Þ

where a ¼ ~c2 and b ¼ ~c2
1~c3. This leads to the condition for the Hopf

bifurcation equation (25). For Tr < 0, the system possesses a stable
fixed point, whereas for Tr > 0, the fixed point is unstable and the
dynamics becomes oscillatory. Fig. 1 shows the points of limit-cycle
and fixed-point behavior in the ða� bÞ parameter space.

Appendix B. Correlation of the linearized system

For the case of a stable fixed point (e.g. point I), one can linear-
ize the system and obtain a linearized Langevin equation. This
helps in calculating the correlation coefficients analytically and
thus to compare with the numerical results.

Following Eqs. (21) and (22), the volume dependent fixed points
of the system are given by

x0 ¼
c1

c4
; ðB:1Þ

y0 ¼
2c2c4

c1c3

1

1� c4
c1V

� � ; ðB:2Þ

respectively. One can immediately see that the Jacobian at the sta-
tionary point is given as

A ¼
a1 a2

�a1 � c4 �a2

	 

; ðB:3Þ

where a1 ¼ c2

1� c4
c1 V

� �� c4, and a2 ¼
c2

1c3

2c2
4

1� c4
c1V

� �
.

If we now evaluate the noise terms at the fixed point, the mul-
tiplicative noise terms will be replaced by additive noise terms and
the Langevin description of Eqs. (21) and (22) can be written as a
multivariate Ornstein–Uhlenbeck process [35]

_x
_y

	 

¼ A

x

y

	 

þ B

nx

ny

	 

; ðB:4Þ

where the B is given by,

B ¼
b1 b2

0 �b2

	 

: ðB:5Þ

where b1 ¼
ffiffiffiffiffi
2c1
V

q
and b2 ¼

ffiffiffiffiffiffiffiffiffi
2c1c2
c4V

q
.

For the coupled Brusselator system, Eq. (B.4) becomes,

_x
_y
_x0

_y0

2
6664

3
7775 ¼ A

x

y

x0

y0

2
6664

3
7775þ B

nx

ny

nc

nx0

ny0

2
6666664

3
7777775
; ðB:6Þ
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where the A and B are now given by,

A ¼

a1 � eD a2 eD 0
�a1 � c4 �a2 0 0

eD 0 a1 � eD a2

0 0 �a1 � c4 �a2

2
6664

3
7775; ðB:7Þ

B ¼

b1 b2 �bC 0 0
0 �b2 0 0 0
0 0 bC b1 b2

0 0 0 0 �b2

2
6664

3
7775; ðB:8Þ

where bC ¼
ffiffiffiffiffiffiffiffiffi
2eC c1
c4V

q
.

Let us define the stationary covariance matrix C as

C ¼ hxðtÞxTðtÞi; ðB:9Þ

where x(t) is given by the column matrix,

xðtÞ ¼

x

y

x0

y0

2
6664

3
7775 ðB:10Þ

Since A has eigenvalues with negative real part (the fixed points
being stable), the covariance matrix can be solved for the system
given by Eq. (B.6) by the following algebraic equation (see Ref.
[35, Sec. 4.4.6]):

ACþ CAT þ BBT ¼ 0: ðB:11Þ

Solving Eq. (B.11) one can obtain Cxx and Cxx0 which gives us the cor-
relation coefficients. Note that the non-square structure of the ma-
trix B does not affect Eq. (B.11) because the quantity BBT is a square
matrix of dimension 4.
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