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Markov processes are widely applied in modeling random phenomena, and the corresponding models can
be analyzed within an established theoretical framework. It is thus desirable to have reliable tests for the
(non-)Markovianity of a physical or biological system at hand. One such test, suggested by Engbring er al.
[Phys. Rev. X 13, 021034 (2023)], is based on a nonlinear fluctuation-dissipation relation (NL-FDR) that
compares spontaneous fluctuations with the response to (nonweak) external perturbations. A violation of this
NL-FDR indicates non-Markovianity. However, estimating the relevant statistics for the variable conjugated to
the perturbation from finite experimental data can be challenging. Comparing noisy estimates of the spontaneous
and the response statistics can lead to apparent deviations from the prediction of the NL-FDR. So, when is a
violation of the NL-FDR due to non-Markovian features of the system and when is it due to a finite sample size?
‘We consider this question for the simplest Markovian example, the overdamped harmonic oscillator with thermal
white noise and subject to a constant force perturbation. We derive analytical expressions for the variances of
the estimators for the spontaneous correlation function and for the time-dependent mean response. We confirm
previous findings that there is an optimal amplitude for the perturbation at which the test of non-Markovianity
is most reliable. In terms of the original variable, the optimal amplitude is such that the response to the
perturbation is of the order of one standard deviation of the spontaneous fluctuations. Put differently, the optimal
amplitude neither corresponds to the linear-response regime of very weak perturbations nor to the regime of very
strong perturbations where the response is largely deterministic. At large amplitudes, we encounter heavy-tailed

distributions of certain estimators, which we discuss.

DOI: 10.1103/485b-sb1x

I. INTRODUCTION

Markov processes form an important class of stochastic
models for time series that are shaped by randomness. A
Markov process x(¢) is defined by the property that the
conditional probability density of being at x,; at time £,
if the process has been at x,, at time ¢, < f,1, at x,,_; at time
t,—1 < t,, etc. depends only on the timewise last condition:

)= P(-anrl? Tyl %, 2n)-
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Put differently, the future of a Markov process is only deter-
mined by its present state, not by its past. It is completely
determined by its transition probability (the right-hand side
in the above equation), which can be found by (compar-
atively simple) Fokker-Planck or master equations that are
local in time (see standard textbooks [1-3]). As pointed out
by Engbring et al. [4], the development of a mathematical
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description of stochastic systems outside of equilibrium there-
fore requires a procedure to differentiate between Markov and
non-Markov systems. The ability to detect non-Markovianity
is also useful for identifying the relevant stochastic variables
for the description of a given system [5,6]: Lower-dimensional
non-Markovian models of physical systems often appear by
considering only a subset of variables of a higher-dimensional
Markov system and projecting out irrelevant, i.e., noninterest-
ing variables, as illustrated in Ref. [7] (pp. 19 therein) and
rigorously discussed in Ref. [8]. Thus, the original question
by Onsager and Machlup arises of how to determine whether a
given set of variables suffices for a Markovian description [9].

There are different approaches to investigate whether a
given system is Markovian. First, it has been proposed to
analyze the corresponding time series. The direct method is
to check the fulfillment of the Chapman-Kolmogorov equa-
tion [10]. Other approaches rely on certain properties related
to Markovianity, such as transition path probabilities [11], the
distribution of transition path times [6], or the entropy rate in
the case of a discrete state space [12].

An alternative strategy to test for Markovianity of physical
systems that can be externally perturbed is based on general-
ized fluctuation-dissipation relations (FDRs) that describe the
connection of the fluctuations of an unperturbed nonequilib-
rium system to how it reacts if perturbed by an external force
[4,5,13]. If such a relation is derived under the assumption of
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Markovianity, its violation can be used to infer that the system
is non-Markovian [4,5]. This concept was demonstrated for
a linear nonequilibrium FDR in Ref. [5], which showed that
for the respective sample system it is difficult to distinguish
whether violations of the FDR are linked to non-Markovianity
or whether they are solely due to measurement effects, such as
estimating statistics from a limited ensemble or a violation of
the linear response ansatz by finite perturbation amplitudes.
This analysis led to the conclusion that a reliable detection of
non-Markovianity might only be possible if a large amount of
data is accessible [5]. To be able to assess the Markovianity
of systems for which fewer experimental data exist, it was
proposed in Ref. [4] to use a nonlinear generalized fluctuation-
dissipation relation (NL-FDR) which is applicable to stronger
perturbations. The authors argued that larger perturbation am-
plitudes evoke more pronounced response signals, which lead
to an improved estimation of the corresponding statistics at
a small ensemble of realizations and thus a better test of
Markovianity [4]. The NL-FDR derived in [4],

(7)) = C,(1), 2)

relates the correlation function of the variable z(¢) in the un-
perturbed state, C.(t), to the mean transient response (z(™(z))
of the same variable z(¢) after a constant perturbation has been
switched off. The variable for which this relation holds true,
z(t) = z(x(t)), is defined by

_Pk)
)

Here, the perturbed and unperturbed steady-state distributions
P, (x) and Py(x), respectively, have been used [4]. The variable
Z(x) is conjugated to the specific perturbation applied to the
system.

As in Ref. [5], the authors of Ref. [4] used a finite ensemble
to estimate the statistics leading to apparent deviations from
the NL-FDR even in the case of a Markovian system where
it holds true analytically. It is apparent from Ref. [4] that
since such a deviation is supposed to be used as an indication
of non-Markovianity, this measurement effect is the limiting
factor in the reliability of the testing procedure. The authors
observed that the deviation is minimal at intermediate per-
turbation amplitudes and they provided qualitative arguments
to explain the existence of a minimum: At intermediate per-
turbations, the response is set apart from the noise level to
a higher degree and z(x) maps to a larger interval than for
small perturbations but the outer tails of the distributions do
not enter the transformation z(x) as would be the case for
even larger amplitudes [4]. However, they did not provide a
quantitative discussion of the measurement effects.

For an optimal testing procedure working well with limited
data, these finite-size effects must be minimized by the proper
choice of the perturbation amplitude. Quantitative expressions
for the measurement uncertainty of the statistical estimators in
the NL-FDR are a prerequisite for this optimization.

In addition, these quantitative expressions provide a
metric for assessing the significance of an observed NL-
FDR deviation, allowing one to decide if the deviation
stems from statistical fluctuations or genuinely indicates
non-Markovianity. The present work, therefore, aims at quan-
tifying the uncertainty of the statistics C.(t) and (z™ (1)) if

z(x) 3)

they are estimated from a finite ensemble. Specifically, we
choose the analytically tractable Ornstein-Uhlenbeck process
with a step perturbation in the mean. We emphasize that the
variable z(x) given by Eq. (3) and conjugated to the pertur-
bation of this linear process shows a nonlinear response to
such a perturbation. For other applications of linear stochastic
processes to study irreversibility and memory, see, e.g., Refs.
[14,15].

The problem of quantifying the uncertainty of different
statistical estimators has been extensively studied in the theory
of time series analysis. For the autoregressive process of order
one [AR(1)], which is a temporally discrete version of the
Ornstein-Uhlenbeck process [16] and generalizations thereof,
several results have been derived for estimators in the original
variable x [17,18]. Our problem, the variance of the empirical
transient mean and empirical stationary correlation of a non-
linear transformation z(x) of a Gaussian process, has not been
addressed to the best of our knowledge.

Our main result confirms the intuition about the existence
of an optimal intermediate perturbation amplitude. This holds
even if we neglect one source of error in determining the
conjugated variable according to Eq. (3) for strong pertur-
bations: Its large random errors due to little overlap between
the estimators of the stationary probability densities Py(x) and
P (x). For our example of the Ornstein-Uhlenbeck process, we
know the conjugated variable exactly [4], and we can focus
on the sources of statistical uncertainty that are unrelated to
the estimation of the conjugated variable, z(x) Eq. (3), itself.
Our results indicate that a very strong uncertainty about the
equality of the left- and right-hand sides of the NL-FDR
Eq. (2) is encountered for perturbation amplitudes that induce
deviations of the mean beyond one standard deviation of sta-
tionary fluctuations. To test the Markovianity of the system, it
pays off to choose amplitudes that provoke a response beyond
the pure linear-response regime, inducing changes of the order
of one standard deviation. However, a further increase of the
amplitude leading into a strongly nonlinear-response regime
drastically boosts the statistical uncertainty in the quantities
connected by the NL-FDR. Hence, to test the Markovianity of
a given system, it is recommended to choose a perturbation
amplitude close to the onset of the nonlinear-response regime,
a conclusion that most likely also applies to a broader class of
systems.

The paper is structured as follows: We first introduce our
model and statistics of interest and recall the test protocol
from Ref. [4] in Sec. II. To set the stage, we then revisit
the problem of the correlation estimator in the original vari-
able x of the Ornstein-Uhlenbeck process in Sec. III A. In
Secs. III B and III C, the variances of the estimators of the
mean transient and the correlation of the conjugated variable
z are derived. Their combined variance is discussed in Sec.
IIID. We conclude with a summary of our results and point
out open questions for further investigation in Sec. I'V.

II. MODEL, STATISTICS, AND TEST PROTOCOL

The statistical properties of the fluctuation-dissipation re-
lation are derived for an Ornstein-Uhlenbeck process that is
defined by the Langevin equation

X = —k[x(t) — e O(T/2 — )] + v/2DE(t), 4
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FIG. 1. Measurement protocol [4] for an Ornstein-Uhlenbeck
process described by Eq. (4) with N = 2000 realizations. The pa-
rameters D = 1/11, k =1, ¢ = 0.2, T = 1000, and the simulation
timestep At = 0.01 are chosen in accordance with Ref. [4]. The
perturbation ¢ ®(7/2 —¢t) in (a) causes the response of the system
shown in (b). This response is measured in terms of transient trajecto-
ries {xl@( 7)}in [T /2, 3T /4] which are used to calculate the estimator
of the mean transient response Z in (c). The steady-state trajectories
{x;(r)} in [3T /4, T] are used to calculate the correlation estimator
€, in (d). The transformation to the conjugated variable x — z(x)
is carried out with the exact expression of z(x) instead of measured
distributions.

with white Gaussian noise (£ (#)&(t")) = 8(r — t’) and a time-
dependent perturbation & ®(7/2 —¢t), which was used in
Ref. [4] as a simple example for a Markovian system.

The following measurement protocol for collecting all nec-
essary data from a given stochastic process was proposed in
Ref. [4] and is depicted in Fig. 1: A total of N independent
trajectories is recorded, each for a time interval of length T
in which the perturbation is switched on during ¢ € [0, T/2]
and switched off during ¢ € [T /2, T]. For a sufficiently large
time T, the process can be approximated to be in its per-
turbed steady state by t+ = T /4 after being initialized at r = 0.
During ¢ € [T /4, T /2], the corresponding distribution P, (x)
is measured. The system’s response to switching off the per-
turbation, i.e., the set of transient trajectories {xﬁ“)(r)} with
i=1,..., N, is then recorded during t € [T /2, 3T /4], where
7 = 0 is chosen at 7'/2. As before, it is assumed that the sys-
tem is in its unperturbed steady state by t = 37 /4. Finally, the
last quarter ¢ € [37 /4, T] is used to measure the unperturbed
steady-state distribution Py(x) and to record steady-state tra-
jectories {x;(t)} withi =1,...,Nand r = 0 at 37 /4.

In Ref. [4], the conjugated variable z(x) = P, (x)/Py(x) — 1
was then calculated with the measured distributions and used
to transform the trajectories as z(¢) = z(x(¢)). In the notation

introduced above, this results in a set of transient trajectories
of the conjugated variable (conjugate) {zftr)(r)} and steady-
state trajectories of the conjugate, {z;(7)}.

Finally, the former set of trajectories is used to calculate
the statistical estimator

N

5 ()= L3,

Zu(my =5 > 5@, (5)
i=1

which approximates the mean transient response Z(t) ~
(zgtr)(r)) and the latter set is used to determine the estimator

3 | B
o=y 2

which approximates the autocorrelation function in the new
variable C.(1) &~ C.(t) = (z:(0)zi(7)) [4]. In the following,
the estimators of the mean transient response and the corre-
lation function are also referred to as empirical mean transient
response and empirical correlation function.

When aiming for a description of the statistical uncertainty
of the fluctuation-dissipation relation, two sources of stochas-
ticity are relevant:

(1) The statistical estimators C‘Z and Z,, which enter the
NL-FDR Egq. (2), are calculated from a finite ensemble of re-
alizations of the stochastic process. Thus, they show stochastic
deviations from the corresponding true statistics.

(2) The mapping to the conjugated variable x — z(x) =
P.(x)/Py(x) — 1 is determined by the distributions of the
stochastic process. If these distributions stem from measured
histograms, their stochastic deviations from the exact distribu-
tions enter the calculation and result in a stochastic map Z(x)
that may significantly differ from the true conjugated variable
Z(x).

The present work analyses the first of these contributions
and assumes an exact and deterministic map z(x) for
simplicity (for a brief comparison of the two contributions, see
Sec. IV). To compare the resulting predictions to simulation
results, the above simulation protocol is modified accordingly.
Instead of measuring histograms for the probability distribu-
tions P.(x) and Py(x), the corresponding exact expressions
are used in the calculation of the conjugated variable
z(x) = P,(x)/Py(x) — 1. Specifically, for the Ornstein-
Uhlenbeck process, the conjugated variable takes the form

(4]

T/4—7
zi(1)zi(t + 1) dt, (6)

-2 ex ! 7
with 02 = D/k. We note for later use that the variable z obeys
a generalized log-normal distribution (because x is normally
distributed). This implies, especially for large values of ¢, a
fat tail of the stationary distribution of z.

All numerical results presented in this work are obtained
from a simulation of the Ornstein-Uhlenbeck process Eq. (4)
in accordance with this modified protocol. The simulation
is carried out using the Euler-Maruyama integration scheme
with a time step of Ar = 0.01. It results in two data sets
{x; x} and {xf},?}, wherei = 1, ..., N is the realization index and
(tr)

k

k =0, ..., Nt — 1 denotes the time index. As before, {xi’ }is

044130-3



PODHAISKY, SOKOLOV, ROICHMAN, AND LINDNER

PHYSICAL REVIEW E 113, 044130 (2026)

the set of transient trajectories with k = 0 at 7/2 and {x; ;}
denotes the set of steady-state trajectories with k = 0 at 37 /4.
The trajectories in the original variable x;; are converted to
trajectories in the conjugated variable z; ; by inserting them
into Eq. (7), i.e., zix = z(x; 1) and zftz) = (x("))

The correlation function C (1) = (z(0)z(7)) at T = n At is
estimated from simulated data by a mixed ensemble and time

average
Nr—1—n
Zi ki ks ®)

a 1
) = S 2

i=l k

Il
=

which is the discretization of the estimator Eq. (6). The cor-
relation estimator C,(n) & C,(nAt) of the original variable
x(t) is also discussed below as an introductory example. It is
given by
Nrflfn

Xi k Xi ktn- )

N
Cn) = N(NT — — "

i=1 k=0

For both correlation estimators, the time index is restricted to
n=0,...,Nr — 1. The empirical mean transient response in
the conjugated variable z™(t) at T = n At follows directly
from the corresponding expression for continuous trajectories
Eq. (5):
1N
5 t
Ze) = Fol (10)
i=1
The analytical expressions for the corresponding exact statis-
tics are stated in [4]

C(t) = (5 (0)x;(7)) = oZe I, (11)

2

C.(1) = @Ox(r) = exp(j—2

X

@@u»:em<ffkh>—1 (13)
i 0,2 .

X

e‘”l*> -1, (12

Since both (z;(7)) and (x;(t)) vanish in the unperturbed steady
state [4], the definition of the correlation function Cy (1) =
(y(0)y(t)) coincides with the autocovariance (y(0)y(t)) —
(y(0)){y(t)) for y € {x;, z;} in the time interval t € [3T /4, T].

III. RESULTS

A. Uncertainty of the correlation estimator
in the original variable x

As a first approach to the problem, the properties of the
correlation estimator

N Nr—l—-n

Ci(n) = N(NT_H)Z Z XiXiggn  (14)

i=1

in the original variable x of the Ornstein-Uhlenbeck process
are analyzed. As stated before, the data of the unperturbed
process in its steady state is used, i.e., the data {x;;} is
recorded during ¢ € [37T' /4, T]. In the following analysis, the
moments of C’x are rewritten in terms of moments of x, which
are presented in Appendix A.

0.11
(2)
==}
2
=
& i
S 0.0 Wmmimsnsimnisnsanidbsintn
0 100 200
Time lag 7 = nAt
0.11 R
F\ (b) Sample Cy(n)
g U — Mean C! w(n)
T \
° N N Exact C,(nAt)
3 N
O ~~~~~~~~
0.0 , — :
0 1 2 3

Time lag 7 = nAt

FIG. 2. Correlation function of the original variable x depicted
over two time intervals, [0,250] in (a) and [0,3] in (b). The ana-
lytical expression Eq. (11) (orange) is compared to 31 correlation
estimators (green) and to the mean over 1000 estimators (blue),
which are calculated for distinct ensembles. Each of those ensembles
contains N = 10 simulated trajectories, each of length Ny = 25001
at At = 0.01, which corresponds to 7 = 1000 in the measurement
protocol. The other parameters are D = 1/11 and k = 1.

The estimator’s first moment is given by

N Np—l-n
(C(n)) = m; Z (X kXi kn)
N Np—l-n
j{: C.(nAt)
N(Nr—ﬂ) ~ ~
—C,(nAt). (15)

This shows that the estimator is unbiased as it averages at the
exact correlation function. For a single trajectory estimator,
ie. N = 1, this is a well-known fact, see [19] (p. 73 therein,
if applied to a process with vanishing mean) or [20] (p. 162
therein, also mentioning ergodicity as a condition). This is
consistent with simulation results. Figure 2 shows that the
empirical mean of 1000 correlation estimators C, coincides
with the exact correlation function C,. The trajectories are ob-
tained by following the measurement protocol from Sec. I and
leaving out the mapping to the conjugated variable x — z(x).

The calculation of the variance of C; can be simplified as
all trajectories are independent. The ensemble average sim-
ply results in a prefactor 1/N [21] (p. 110 therein) and thus
follows:

1 1 Nr—1—-n
Var(Cx(n)) = NVar<m Z xi,kxi,k+n)
k=0

] Nrflfn
Y72 VAR Y) Z X X7 e X 1 Xi 4+ )
N(NT I’l) kI=0
1 2
- N{Cx[nAt]} . (16)
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In the second line, the variance is written in terms of moments
and the exact correlation function C, is identified in the second
term. The fourth moment presented in Appendix A is in-
serted and the double sum is simplified, see Appendix B. This
results in

Nr—n—l
Var(Cy(n)) = ———— (Nr —n — |k|)
N(Nr —n)? k:—(;—n—l) !

X (G kALY +Col(n + k) ATIC[(n — k) At]).
7)

A very similar derivation for the covariance of the estimator
is stated in [18] (p. 226 therein) for a class of processes that
includes the autoregressive process of order one [AR(1)] [18]
(example 3.2.2. therein after setting ¥; = 0 for negative j).
If the autocovariance function in the corresponding expres-
sion in [18] is replaced by the correlation function of the
Ornstein-Uhlenbeck process and the fourth moment of the
white Gaussian noise is inserted, the above expression can be
read off as a special case of the covariance with the additional
restriction to single trajectories, i.e. N = 1.

The result Eq. (17) can be simplified further. For details,
see Appendix B. The final expression for the variance of the
correlation estimator of x(¢) reads

Var(C,(n))
ot
= % e
N(Ny _n)z{(NT n)(—r 2 — (1 — 1
2
bl = m( =) = 2
+ (Np = 2n)r" — (Np —2n + l)rn+1]}, as)

where r = e 22 In the course of the calculation, the time
index was restricted to n < (Ny — 1)/2 to simplify the ex-
pression. For the closely related case of an AR(1) process,
Ref. [17] includes an approximate expression for Var(C,(n))
which disregards terms of order O(1/(Ny — n)?). This result
is consistent with the above exact expression if the correlation
function of the AR(1) process is replaced by the correlation
function of the Ornstein-Uhlenbeck process. This is shown in
Appendix B.

The validity of Eq. (18) is tested with simulation results.
The corresponding prediction of the standard deviation

AC, =/ Var(Cy) (19)

shows good agreement with the measured standard deviation
of correlation estimators of independent ensembles; see Fig. 3.

B. Uncertainty of the correlation estimator
in the conjugated variable z

The correlation estimator in the conjugated variable C, is
analyzed in terms of its average and variance. By replacing the
original variable x by the conjugated variable z in Eq. (15), it
is obvious that also C‘Z is an unbiased estimator. As before,
this prediction is confirmed by the simulation results. The

= (a)
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+— Se—a
L T e e
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Time lag 7 = nAt

FIG. 3. Standard deviation of the correlation estimator of the
variable x depicted over two time intervals, [0,125] in (a) and [0,3]
in (b). The analytical expression of the standard deviation obtained
from Eq. (18) (orange) is compared to the measured standard de-
viation of 1000 correlation estimators (blue), which are calculated
for distinct ensembles. Each of those ensembles contains N = 10
trajectories simulated for Ny = 25001 at Ar = 0.01, i.e., T = 1000
in the protocol, and with parameters D = 1/11 and x = 1.

agreement of the mean of the correlation estimators and the
exact correlation function C, is shown in Fig. 4.

We calculate the variance of the correlation estimator, treat-
ing it as a special case of the covariance Cov(C.(n), C.(m)).
The latter covariance will be needed in any case in the further
analysis in Appendix D. As before, the covariance calculation
for the estimator of multiple independent trajectories can be
reduced to the case of a single trajectory by introducing a
prefactor 1/N:

Cov(C.(n), C.(m))
1 Nr—1—n

1
= —Cov| —— Zi 1%i,14n>
N <(NT —n) ; +

1 Nr—1—m
.~ § Zi,kZi,k+m
(Nr —m) =
Nr—1—-nNy—1—m

1 1
- N“(NT — n)(Ny — m) DD

=0 k=0

X (Zi,IZi,1+nZi,kZi,k+m>] — Cz(nAf)Cz(mAt)}- (20)

As before, the definition of the covariance in terms of second
and first moments is used in the second line and the exact cor-
relation function C, is identified. Inserting the fourth moment,
which is calculated in Appendix A, and substituting summa-
tion indices yields a lengthy expression for the covariance, see
Eq. (C4). Evaluating this expression at n = m finally results
in the following expression for the variance of the correlation
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FIG. 4. Correlation function of the conjugated variable z de-
picted over two time intervals, [0,250] in (a) and [0,3] in (b). The
analytical expression Eq. (12) (orange) is compared to 31 correlation
estimators (green) and to the mean over 1000 estimators (blue),
which are calculated for distinct ensembles. Each of those ensembles
contains N = 10 simulated trajectories, each of length Ny = 25001
at At = 0.01, i.e., T = 1000. The other parameters are D = 1/11,
k=1,and e =0.2.

estimator of z(¢):

Var((t"Z (n))

1
= - [C:iAn) — 17 + [2¢/® 4 2¢/™

N(Nr —n)
— 4l O+ ) | 2O+

2 Nr—n—1
+———— > {WNr —n—k)[2e/®
NNy —n)* &=

4 efUn=k) 4 pfktm) o 27 )F2f () f (—knl)+ hotn)

— efmHflO+f(ktn) _ 2ef(n)+f(k)+f(I—k+n\)]} 21

with f(j) = e “/2g2/g?. The detailed derivation is pre-
sented in Appendix C. The corresponding standard deviation

AC.(n) =/ Var(C.(n))

is compared to the empirical standard deviation of 1000
independent realizations of the correlation estimator. For sim-
plicity, the computation of the predicted variance is done
directly with Eq. (C4), evaluated at n = m.

As shown in Fig. 5, the prediction agrees with the simula-
tion results.

(22)

Stand. deviation
jn)
=

=
o

100 200
Time lag 7 = nAt
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£ 0.051 imulatec : .(n)
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FIG. 5. Standard deviation of the correlation estimator of the
conjugated variable depicted over two time intervals, [0,250] in
(a) and [0,3] in (b). The analytical expression obtained as the square
root of Eq. (C4) (orange) is compared to the measured standard
deviation of 1000 correlation estimators (blue), which are calculated
for distinct ensembles. Each of those ensembles contains N = 10
simulated trajectories, each of length Ny = 25001 at Ar = 0.01, i.e.,
T = 1000. The other parameters are D = 1/11,x = 1,and ¢ = 0.2.

C. Uncertainty of the empirical mean transient response
in the conjugated variable z

The estimator of the mean transient response
N
. 1 )
Zumy =+ >4

i=1

(23)

is unbiased, i.e., (Z(n)) = (z?r)(nAt)). This can be easily
seen by pulling the averaging operation into the sum. This is
also observed in the simulation. Figure 6 shows good agree-
ment of the empirical mean transient response averaged over

Sample th-(n)

) 1A MAN W o Mean Zn-(”)
= L (tr)
LY Exact (z; (7))
R
= ST g - AL IR

I W i L T

0 1 : ’

Time lag 7 = nAt

FIG. 6. The analytical expression of the averaged transient re-
sponse Eq. (13) (orange) is compared to 31 estimators Zu(n) (green)
and to the mean over 1000 estimators (blue), which are calculated
for distinct ensembles. Each of the ensembles contains N = 10 tra-
jectories simulated with D = 1/11, k = 1 and ¢ = 0.2, At = 0.01,
and 7 = 1000.

044130-6



RELIABILITY OF A NONLINEAR ...

PHYSICAL REVIEW E 113, 044130 (2026)

0.4 -
—— Simulated AZ,(n)

Q A
;% Predicted AZ,(n)
< 0.3
E
<
5

0.2 . .

0 1 2 3

Time lag 7 = nAt

FIG. 7. Standard deviation of the estimator of the mean tran-
sient response Z,. The analytical expression obtained from Eq. (25)
(orange) is compared to the measured standard deviation of 1000
estimators (blue), which are calculated for distinct ensembles. Each
of those ensembles contains N = 10 trajectories simulated with
parameters D = 1/11,k =1, & = 0.2, At = 0.01, and T = 1000.

multiple ensembles and the exact expression for (zf-‘r)(nAt)).
Figure 6 also demonstrates that the estimator of the mean tran-
sient response has stronger fluctuations than the correlation
estimator for the given perturbation amplitude. This is due to
the fact that the mean transient response is estimated only with
an ensemble average, while the correlation estimator includes
both an ensemble and a time average.

The statistical fluctuations of Z,(n) are investigated in
more detail by calculating the variance. As before, the covari-
ance of the estimator at different time indices is considered
first. The independence of different trajectories allows us to
rewrite the covariance as

Cov(Zy(n), Zy(m)) = ]lVCov(z(“) o)

in’ Zi,m
1
= (=0 = ). e
N ’ s ) s
Inserting the corresponding moments from Appendix A
results in a simple expression for the covariance, see
Appendix C, and the variance can be read as
. 1

Var(Ze(m) = e/ = 1), (25)
with f(j) = e /2¢?/o?. The corresponding prediction of
the standard deviation AZ, = /Var(Z(n)) is compared to

the measured standard deviation of the estimators of several
ensembles. Both curves show good agreement, see Fig. 7.

D. Uncertainty of the nonlinear fluctuation-dissipation relation

After analyzing the estimators Z; and C., which are used to
approximate the exact statistics in the fluctuation-dissipation
relation Eq. (2), it is discussed how their combined uncertainty
affects the test of Markovianity. Since deviations from the
empirical fluctuation-dissipation relation

Ze(n) = C,(n) (26)

are used as an indication of non-Markovianity, it is relevant
to consider the statistics of this deviation in the case of a
Markovian system.

A simple measure § for a deviation from the empirical
nonlinear fluctuation-dissipation relation Eq. (26) at a given
time can be defined as 8(n) = Z(n) — C,(n). As both esti-
mators are unbiased, (6(n)) = 0 holds true if the system is
Markovian.

The results from Secs. III B and III C can be used to derive
an expression for the standard deviation of §. As all of the
derivations assume Markovianity, this standard deviation con-
stitutes a measure for the uncertainty of the deviation § in the
case of a Markovian system. If the system is Markovian and
thus C,(t) = (zf")(t)) holds true, a measured deviation from
8 = 01is usually within [—AS$, +AS$]. In particular, if the mea-
sured deviation is not close to this interval, non-Markovianity
is likely.

To calculate the standard deviation of &, the following
relation is used:

Var(8(n)) =Var(Zy(n)) + Var(C.(n))
— 2Cov(Zy(n)C.(n)). 27)

As stated in the measurement protocol in Sec. I, the es-
timator Z,(n) is calculated from the trajectories at 7/2 +
n At and C.(n) is calculated from trajectories at t > 37T /4.
Furthermore, the comparison of both sides of the fluctuation-
dissipation relation is only meaningful in a time interval 7 that
does not drastically exceed the correlation time #.. At much
larger lag times 7, both the correlation between z;(tg) and
zi(to + 1) (measured in [37 /4, T']) as well as the mean value
T time units after the switch, (z}tr)(r)) (with t =0 at 7/2),
will be very close to zero, i.e., the corresponding estimators
will be noise dominated. This restriction to sufficiently short
intervals for T was similarly discussed in Ref. [4].

As long as the quarter of the total measurement window
T is much larger than the correlation time ., i.e., T/4 > t,,
the relevant parts of the trajectory from the third quarter (used
to compute the time-dependent mean value) and the fourth
quarter (used to compute the correlation function) are far apart
and thus uncorrelated. As a consequence, Zw(n) and C.(n) are
also approximately uncorrelated and Cov(Zr(n)C’Z(n)) ~ 0.

Therefore, the variance is simply

Var(8(n)) =~ Var(Z;(n)) + Var(C,(n)). (28)

Expressions for both terms on the right-hand side have been
derived above. Thus, the standard deviation can be predicted
as A8 = /Var(d). In Fig. 8, the prediction is compared to
the measured standard deviation of multiple realizations of
8(n) = Zy(n) — C.(n). Each of them is calculated from an
independent ensemble of trajectories.

While the above measure §(n) characterizes the deviation
from the fluctuation-dissipation relation at a single point in
time, Ref. [4] proposes to integrate the deviation over a time
interval in the following way:

[ de(Ze(z) — Co(0)P?
Jydt (Z(0))?

where 7T, is the time until the system has relaxed into
the steady state to good approximation. For all the re-
sults presented below, this parameter is chosen as 7, = 10.
This is consistent with the corresponding discussion in [4].

d=

(29)
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FIG. 8. Standard deviation of the deviation measure §(n). The
analytical expression obtained from Eq. (28) (orange) is compared
to the measured standard deviation of 1000 realizations of § (blue),
which are calculated for distinct ensembles. Each of these ensem-
bles contains N = 10 trajectories simulated with D = 1/11, x =1,
e =0.2, At =0.01, and T = 1000. As before, the correlation esti-
mator is obtained from trajectories with Ny = 25001 steps.

Calculating the moments of 4 is difficult due to the random
variable Z,, in the denominator. A drastic simplification is
achieved by replacing the estimator in the denominator by
its exact counterpart. The denominator was introduced to nor-
malize the deviation [4], which is necessary for comparability
between different perturbation amplitudes. This purpose of
the denominator is not affected too much by the replacement.

After discretizing the integral, the new deviation measure
d reads

ool Zie(n) — C.(n))?
ne 2
Zn:O (Zl(,t;)>
with n, = T./At — 1 = 999. A shorthand notation for the de-
nominator is introduced:

F=Y0 ) (31)
n=0

Since the new deviation measure d is of second order in the
estimators, its mean value does not vanish:

d= , (30)

ne

1 A N A N
(@ = 5 - [1Z200) +(C200) =22 (32
n=0

For n.At < T /4, both estimators are separated by a suf-
ficiently long time and thus approximately uncorrelated,
ie., (Ze(m)C.(n)) = (Ze(n))(C.(n)) [cf. discussion following
Eq. (27)]. We verified by an analytical calculation of the
mixed moment that this approximation holds true for all ¢ €
(0, 1] for the given simulation parameters. Due to Marko-
vianity, the fluctuation-dissipation relation can be applied to
rewrite

2{Ze (NG () = (C.(n))* + (Z(n))? (33)

and it thus follows

1 N A
(d) ~ 7 > [Var(Zy(n)) + Var(C.(n))]. (34)
n=0

10°

® Sample d(¢)
Z o T Mean d(¢)
= Predicted (d(¢))
§ e = ..
EUS————
S) ___________

107!

0.2 0.4 0.6
Perturbation amplitude

FIG. 9. Deviation measure d at different perturbation amplitudes
¢. The prediction Eq. (34) (orange) is compared to 31 realizations
(green) and the mean over 100 realizations of d (blue), which are
calculated for distinct ensembles. Each of these ensembles contains
N = 10 trajectories simulated with D = 1/11, x =1, At = 0.01,
and 7 = 1000. The correlation estimator is obtained from trajecto-
ries with Ny = 25001 steps.

Both contributions on the right-hand side, Sz =
% > Var(Zy(n)) and S¢ = % Yo Var(C,(n)), can be
calculated with the expressions derived above. The prediction
(d) is compared to multiple realizations of d Eq. (30),
each calculated from a new ensemble, and to the mean of
these realizations. This comparison is shown for different
perturbation amplitudes ¢ in Fig. 9. The predicted curve as
well as the mean simulation result both have a minimum close
to the standard deviation &,;, ~ o, =~ 0.3. This is similar to
the results in Ref. [4], where the conjugated variable z(x) was
estimated from Eq. (3) with measured probability densities.
In Ref. [4], the increasing deviation for ¢ > o, was attributed
to the insufficient statistics in the tails of the probability
densities Py(x) and P,(x) which contribute to a large random
error in z(x) estimates. This explanation does not apply to our
result in Fig. 9 because the conjugated variable z(x) is now
exact.

Instead, the large deviation for € > oy is caused by the
contribution of the correlation function, i.e., Sc > Sz as de-
picted in Fig. 10. The uncertainties in the correlation function
are connected to a strongly intermittent behavior of z(x(z)).
For large ¢, a large part of the x axis is compressed into a

—— Predicted S¢
—— Predicted Sz

_____ Predicted (d)

10°

101<

10—1<

T

0.2 0.4 0.6
Perturbation amplitude

FIG. 10. Predicted contributions to (d) = S; + S¢ at different
perturbation amplitudes. The curves are calculated for parameters
D =1/11,k =1, At = 0.01, Nr = 25001, and N = 10 trajectories
per ensemble.
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FIG. 11. Transformation behavior of z(x) at different pertur-
bation amplitudes. A trajectory x(z) simulated with parameters
D =1/11,«k =1, and At = 0.01 in the stationary unperturbed state
is shown in (a) and inserted into the map z(x) in (b) at ¢ = 0.2 and
e = 0.7, respectively. The resulting trajectories z(¢) are depicted in
(c) and (d).

small interval on the z axis while strongly positive values of x
result in extremely high but rare peaks in z (cf. Fig. 11). Both
the strong compression and the rare peaks obstruct a reliable
estimation of the correlation function C,(t).

The significant deviation between predicted average and
observed mean for £ > 0.5 is discussed in Sec. IITE.

As for the simpler deviation measure §, the standard de-
viation of d is used to characterize its statistical uncertainty.
If a measured value of d is far outside of this interval [(d) —
Ad, (d) + Ad], the system is likely not Markovian.

Before calculating the variance of d it is useful to rewrite
the quantity in the following way:

ne

> (€)= (C.(n)))?
n=0

1
d=—
Iz

ne

1 A A
+ = Y (Zun) = (Zu(n))
f n=0

ne

2 A A 2, A~
—3 ZO<Cz<n> — (W) — Zum).  (35)

For details on this step, see Appendix D. In this expression,
all random variables are centered, which is the prerequisite
for the following calculation. The variance is obtained as

Var(d) =(d?) — (d)>. (36)

Inserting Eq. (35) yields a sum of centered moments up to
fourth order. As before, all mixed moments factorize into
moments in C. and moments in Z,. The expression is given
in Appendix D.

1 5 ]
o R p— Simulated Ad(e)
ic%j 107 Predicted Ad(e)
=
HO -
- S T
%@ Wi T
e e —
x 1071<

0.2 0.4 0.6
Perturbation amplitude

FIG. 12. Standard deviation of the deviation measure d at differ-
ent perturbation amplitudes ¢. The prediction obtained from Eq. (37)
(orange) is compared to the empirical standard deviation of 100
realizations of d (blue), which are calculated for distinct ensembles.
Each of these ensembles contains N = 10 trajectories simulated
with D = 1/11, k = 1, At = 0.01, and T = 1000. The correlation
estimator is obtained from trajectories with Ny = 25001 steps.

All these moments could be calculated exactly by follow-
ing the basic scheme of Secs. III B and III C: The moments of
estimators are rewritten as moments of z; ;, which in turn can
be calculated using the approach presented in Appendix A.
The resulting expressions are expected to be lengthy and not
very practical. A drastic simplification can be obtained if the
estimators themselves are approximated to follow a normal
distribution. As a consequence, all higher order centered mo-
ments in the estimators can be reduced to second moments,
see, e.g., [3] (Eq. 2.8.4 therein). The approximation of a nor-
mal distribution for the estimators is based on the central limit
theorem. Both C‘Z and Z, include a sum over independent real-
izations. For sufficiently large numbers of trajectories N, the
central limit theorem predicts the normal distribution. Within
this approximation, the following expression for the variance
of the deviation measure d is obtained, see Appendix D:

4 ne i—1 ) )
Var(d) = — Y > “[Covar(C-(i), C.(j))
i=1 j=0

+ Covar(Zy (i), Ze G)?
+ %2 Z[Var(é‘(i)) + Var(Z,(i))]°. (37)
i=0

This calculation of Var(d) follows the basic steps that are used
to derive expressions for error propagation in experimental
physics: The variance of the outcome variable d is expressed
in terms of the covariances of the input variables Zs(m) and
C(n). For a linear approximation of the outcome variable as
a function of the input variables, a detailed calculation can be
found in [21] (Sec. 3.7.1 therein). The result of a second-order
approximation expanded around a critical point is stated in
[21] [Eq. (4.138) is assumed to be a special case of Eq. (4.140)
therein]. It is consistent with Eq. (37) since d is a multivariate
polynomial of degree two and the exact equation Eq. (35)
coincides with the second-order Taylor expansion.

The corresponding prediction for the standard deviation
Ad = /Var(d) is compared to the measured standard devi-
ation of multiple realizations of d in Fig. 12. The simulated
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FIG. 13. Histograms of the correlation estimator C.(0) (left) and
the mean transient estimator Z,(0) (right) for perturbation ampli-
tudes ¢ = 0.2 (top) and ¢ = 0.4 (bottom). Each histogram contains
1000 estimators which are calculated for distinct ensembles. Each
of these ensembles contains N = 10 trajectories simulated with D =
1/11,k = 1, At = 0.01, and Ny = 25001 steps which correspond to
T = 1000. The standard deviation and mean of each histogram is
used to determine the respective normal distribution as comparison.

curve deviates from the predicted curve at ¢ > 0.5 in a similar
way as for the respective (d) curves in Fig. 9. This deviation
is also addressed in the discussion in Sec. IIIE. Apart from
this observation, it seems that the approximation of normally
distributed estimator results is a good prediction of Ad for
perturbation strengths ¢ < 0.3, even for a relatively small
number of trajectories N = 10. The deviation at intermediate
values of 0.3 < ¢ < 0.5, which has the opposite sign of the
deviation for ¢ > 0.5, might be due to the breakdown of this
approximation. This hypothesis is supported by Fig. 13, which
shows that the distribution of the exemplary estimators C(0)
and Z,(0) is close to a normal distribution at & = 0.2 but far
offat e = 0.4.

E. Effect of heavy tails on the simulation results

The simulation results for the mean and standard deviations
of d show a large deviation from the predicted curves in
Figs. 9 and 12 at large perturbation amplitudes ¢ > 0.5. For
the simpler case of (d), Eq. (34) shows that the average of the
deviation measure depends on the variances of the statistical
estimators. Hence, a deviation of the empirical variance of
a finite ensemble of estimators from their true variance is
connected to a deviation of the corresponding (d).

108 T
=
8
£ 102 ,
E 1074 Simulated Var(Z,(0))
- — Simulated Var(C.(0))
Predicted Var(Z(0))
w4l Predicted Var(C.(0))
0 1000 2000 3000

Number of realized ensembles M

FIG. 14. Observed variance of M estimators of the correlation
function and the mean transient response €.(0) and Z,(0) which are
calculated for distinct ensembles. Each of these ensembles contains
N = 10 trajectories simulated with D = 1/11, « = 1, At = 0.01,
Nr = 25001 corresponding to 7 = 1000 and a perturbation ampli-
tude ¢ = 0.5. The predicted values are obtained from Eq. (C4) and
Eq. (25).

For the case of the time index n = 0, the convergence
behavior of the empirical variance of M estimators C.(n) and
Z(n) toward their respective predicted true variance is shown
in Fig. 14. This is done at a relatively large perturbation
strength of ¢ = 0.5 at which the original deviation in Fig. 9
is already apparent.

At large values of M ~ 10°, the empirical variance of
Z.:(0) is close to the exact value while the corresponding value
of C.(0) is far off from its true value. This suggests that the
deviation observed in Fig. 9 might be due to the fact that
the empirical variance of 100 correlation estimators has not
converged to the exact value of the variance.

This hypothesis is supported by Fig. 13, which indicates
that larger ¢ values might be connected to an increased right
tail of the distribution. As a consequence, extremely large
values of C, have a higher contribution to the value of the
variance. If those rare events are not realized in a given finite
ensemble, the variance is underestimated.

To test this explanation, the distribution of C,(0) at & = 0.5
is measured in a histogram, see Fig. 15, and a model prob-
ability distribution p(C.(0)) with the following properties is
determined:

(1) The model distribution p(CA‘Z (0)) is consistent with the
predicted average and variance of C.(0), which have been
derived in Sec. III B. In addition to the correct normalization,
this leads to conditions for the first and second moments of
the distribution.

(2) The model distribution roughly resembles the mea-
sured histogram of C,(0).

(3) The model distribution has a heavy right tail. For sim-
plicity p(C.(0)) ~ C.(0)™* is chosen.

It was found that all of these conditions can be met to good
approximation if the left part of the histogram, i.e., C.(0) <
C’threshold, is directly used as a distribution and the right part,
i.e., C.(0) > Cireshold, is replaced with the tail ~C,(0)~. The
details of this analysis are presented in Appendix E. The
histogram as well as the model tail are depicted in Fig. 15.
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FIG. 15. Histogram of the correlation estimator C.(0). It contains
M = 3000 estimators, which are calculated for distinct ensembles.
Each of these ensembles contains N = 10 trajectories simulated
with D = 1/11, « = 1, Ar = 0.01, and Ny = 25001, correspond-
ing to T = 1000 and a perturbation amplitude ¢ = 0.5. The mean
and the sum of mean and standard deviations, which are observed
for the measured histogram of simulation results (red), are compared
to the corresponding predictions obtained from Egs. (12) and (C4)
(black). The distribution tail, which is modeled in accordance with
the predictions, is indicated (orange).

The fact that a distribution could be found which has
approximately the correct mean and standard deviation and
which is also very close to the observed histogram strongly
supports the hypothesis that the difference between empirical
and exact variance in Fig. 14 and thus, ultimately, also the
deviation in Fig. 9, is simply due to a slow convergence
behavior and not due to an error in the prediction. As an
additional check, it is investigated whether the sample vari-
ance of random numbers drawn from the model distribution
has a similar convergence behavior to the predicted value as
the empirical variance of C‘Z(O) obtained from simulations.
Figure 16 shows that this is the case. Furthermore, it indicates
that the sample variance of the model distribution gets close to
the predicted variance only at very large ensembles of ~103
realizations.

The deviation observed in Fig. 12 for large ¢ values might
be caused by the same effect since the analytic expression
for the variance Eq. (37) also includes the variance of the
correlation estimator.

The main limitation of the explanation is the fact that
the tail C‘Z(O)_"‘, which was used for the model distribution,
is too heavy to describe the actual distribution. While this
power-law tail would result in diverging higher moments
(C’Z” (0)), see, e.g., [22] (Sec. 3 therein), the calculation scheme
in Appendix C demonstrates that any moment in C.(0) can
be written as a finite sum of moments of z(x(¢)). All these
moments of the conjugated variable are finite, as obvious
from Appendix A. Hence, also all moments in the correlation
estimator must be finite. This apparent contradiction can be
resolved by assuming that the description of the distribution
with a power-law tail is a good approximation in a finite
interval of C,(0). If the parameter « in C.(0)™* is itself a

1044)
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FIG. 16. Convergence behavior of the variance of the correlation
estimator. The measured variance of an ensemble of M estimators
C.(0) obtained from simulation (black) (each for distinct ensembles
of N = 10 trajectories and parameters D = 1/11,k = 1, At = 0.01,
Ny =25001, T = 1000, ¢ = 0.5) is compared to the corresponding
value if C.(0) is not calculated from simulation results but directly
drawn from the model distribution [green, 20 realizations are de-
picted in (a)]. The predicted variance of C.(0) distribution obtained
from Eq. (C4) is depicted in blue.

slowly increasing function of C.(0), the tail is slimmer than a
power-law tail and the distribution can have finite higher mo-
ments. As long as o = a(C’Z(O)) increases sufficiently slowly,
it can be approximated by a constant value for the relevant
section of the C;(0) axis in Fig. 15. In this case, the power-law
description is a valid approximation for the histogram.

This argument is illustrated by the example of a log-normal
distribution. Its probability density is given by [23] (p. 28

therein)
1 1 /In(x) — p\>
px) = —«/Eax exp |:—§ <—0 ) i| (38)

If the tail of this distribution is modeled as ~x~%% the
exponent is determined by calculating the logarithmic deriva-
tive of the distribution function. With y = In(x), this can be
written as

() = d In(p(x))
T dn(x)

d

~ ] el )
~sende () i )
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__ldy—n\ |
T 2dy o

:“_G—l,f(x) —1. (39)

This shows that a(x) increases logarithmically and may
be approximated as a constant for a section of the tail. This
similarity between a log-normal distribution and a power-law
tail is also discussed in [22] (Sec. 3.3.2 therein).

IV. DISCUSSION

The present work investigates the statistical reliability of a
test for Markovianity, which was proposed in Ref. [4]. The test
relies on a nonlinear fluctuation-dissipation relation, which
holds under the assumption of Markovianity. This relation
compares the correlation function to the mean transient re-
sponse to a steplike perturbation in terms of a conjugated
variable z(t). If a violation of this relation occurs for the
true statistics of a given system, it can be concluded that
it is non-Markovian. Since only finite-size estimators of the
statistics are experimentally accessible, small deviations from
the NL-FDR will be observed even for Markovian systems. To
make a reliable statement on non-Markovianity of the system
at hand, the magnitude of these finite-size deviations must be
known for the Markovian case: If an observed deviation from
the NL-FDR is within the bounds of statistical uncertainty
of the estimators of the Markovian system, no conclusion on
its non-Markovianity is possible. If the deviations are much
larger, they can no longer be explained solely by measure-
ment effects and the non-Markovianity of the system appears
plausible.

Here, we derived expressions for the variance of the em-
pirical correlation and the empirical mean transient, as well
as their combined uncertainty at a single point in time. For an
integrated deviation measure, which characterizes the viola-
tion of the NL-FDR over a time interval, an exact expression
is introduced for the mean value and an approximation is
presented for the standard deviation.

We provide a theoretical calculation of the minimum in
the integrated deviation measure at intermediate perturbation
amplitudes, which was already observed in simulation data
[4]. The persistence of the minimum is remarkable since in
our discussion, one of the sources of uncertainty thought to be
responsible for the increase of the deviation at larger pertur-
bation amplitudes is suppressed; namely, the poorly measured
tails of the histograms entering the calculation of Z(x) [4].
Our results suggest that the effect is instead caused by the
increasingly intermittent behavior of the nonlinear transfor-
mation x(¢) — z(t) at large ¢ values. Preliminary simulations
indicate that if we also take into account the contribution of
the error-prone estimate zZ(x) of the conjugated variable z(x),
this does not have much of an effect at small to intermediate
perturbation amplitudes ¢, while for large amplitudes it is
more complicated: The additional complication is connected
to empty histogram bins, and the results depend strongly on
how this problem is handled.

It is also demonstrated that strong perturbations lead to
large differences between predicted and observed statistics.
As discussed in Sec. IIIE, this is suspected to be due to

heavy-tailed distributions for some of the estimators, which
cause a slow convergence behavior of the sample statistics
towards their true values.

Similar numerical problems for large perturbation ampli-
tudes are expected to arise in systems with a nonlinear but
bounding potential Uy(x) that are perturbed by a constant
force &, for which we find from the Boltzmann distributions
Po(x) and P, (x):

z(x) =Cexplex/D] — 1, (40)

i.e., again an exponentially growing function that strongly
amplifies positive deviations in x. For practical applications, it
might be of importance to look for a specific kind of perturba-
tion with which we can avoid or mitigate the above discussed
complications. One example would be a multiplicative change
of a parabolic potential by switching the curvature from a
small value to a large value at t = T /2 [24,25], for which we
obtain the conjugated variable of the form

2
2(x) = /l—i—zexp [—%] —1, (41)

a Gaussian that might be suitable to avoid the intermittent
behavior. The detailed investigation of this question is beyond
the scope of our study but constitutes an interesting problem
for future research.

The position and depth of the minimum in the deviation
measure, both of which are of great interest when planning
an experiment to test Markovianity, can be found numerically
from the expressions Eqgs. (34) and (37). As a rule of thumb,
the optimal perturbation is on the onset of nonlinear response,
where it evokes a deviation in the time-dependent mean that
is of the order of one standard deviation of the spontaneous
(unperturbed) fluctuations of the system. Significantly larger
perturbation amplitudes lead to a reduced overlap between the
two probability densities Py(x) and P (x) and, consequently, to
a strongly nonlinear mapping z(x) that renders the determina-
tion of the statistics appearing in the NL-FDR difficult. This
concerns in particular the determination of the correlation
function.

Furthermore, the analytical results also allow for the inves-
tigation of other optimization strategies. As already pointed
out in [4], the time intervals in the measurement protocol
might be changed. Keeping the total measurement time N T
constant and increasing the number of realizations N while
decreasing the time per realization T affects the uncertainty of
both estimators in the NL-FDR in different ways. It remains
an interesting task to determine the optimal ratio of both
variables.
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APPENDIX A: MOMENTS OF x AND z

The statistics of the estimators C,, C‘Z, and Z, are ex-
pressed in terms of moments of the original variable x and
the conjugated variable z. These moments are of the type
(Xi jXk1--)s (i, jZk---), and (zl(-fr]«)z,(:_rl)...). For the calculation of
these moments, the multivariate distributions of the random
variables {xg’t;)} and {x; ;}, i.e., the trajectories of the Ornstein-
Uhlenbeck process during ¢t € [T/2,3T /4] and ¢t € [3T /4, T]
must be known. Due to the independence of multiple realiza-
tions and the factorization of the corresponding moments, it
suffices to consider the distribution of a single realization, and
thus the realization index is omitted for simplicity.

An unperturbed Ornstein-Uhlenbeck process, X; initialized
at a given point X at r = 0 is a Gaussian process which means
that any subset of its values {X;,, X,,, ...} follows a multivari-
ate normal distribution [23] (Sec. 8.5 therein). Following the
measurement protocol, the trajectories are not initialized at a
given point at 7' /2 or 3T /4. Nevertheless, the sets of random
variables {xs.“)} and {x;} each follow a multivariate normal
distribution. This can be seen if the multivariate distribution is
constructed from the transition probabilities of the Ornstein-
Uhlenbeck process [1] [Eq. (5.28) therein]:

N 1 (x — xge ! )2
POt 0) = o =2y ™| "33 — o2
(AD)
and an initial probability density [4]
1 (x — w)?
- ATl A2
Po(x) WCXP[ 207 (A2)

with i = 0 in the case of the steady-state trajectory {x;}. The
expressions also hold true for the transient trajectory {x}m}.
In this case, the initial distribution is centered at u = €. The
multivariate distribution reads

PN, 1, Ny =15 25 Xo)
Nr—1
= p(xo) 1_[ Py, i | xj—1,8j-1)
j=1

7KA[)2

Nr—1
w* —2uxo + x5 3 TZ (xj —xj—1e

= C¢€ — )
Cexp 202 202(1 — e 241)

j=1

(A3)

with normalization factor c. This can be identified as a multi-

variate normal distribution in the notation given in [2] (p. 24

therein),
= Nr—1
p(Xny—1, ..., X0) = CEXp —3 Z Aijxixj — Z Bix; |,

i,j=0 i=0

(A4)

with a positive definite matrix A, being the inverse of the

covariance matrix. To fully characterize these normal distri-

butions for {xl@“)} and {x;}, respectively, it is sufficient to know
the covariances and the means.

The covariance matrix of this multivariate normal distri-
bution is solely determined by the correlation function of
the Ornstein-Uhlenbeck process Eq. (11). It is independent
of whether the steady-state trajectory {x;} or the transient
trajectory {xl@} is considered. For an initialization of the
Ornstein-Uhlenbeck process at a random variable xo with a
variance Var(xp), the covariance at time indices i > j > 0 is
given by [27] [Eq. (5) therein with modifications]

—KiAt (e

D . .
Cov(x;, x;) = —e Kiar _ e_”A’)
K

+ e_K(i+j)AtVar(X()).

In this expression, x; can be replaced by xf"). The initial values

Xo and x((]tr) are drawn from the distributions att = T /2 ort =
3T /4, respectively, which both have a variance of 6> = D/k
as discussed in Ref. [4]. Therefore, the above expression can
be rewritten as

(AS5)

Cov (xf“), x?“)) = Cov(x;, x;)

D o
— _e—K(z—])At .
K

(A6)

By generalizing this expression to arbitrary orderings of i and
J, the absolute value emerges; for a different derivation, the
second moment in Ref. [28] can be used. Thus, both for the
transient as well as for the steady-state multivariate normal
distribution, the covariance is given by

Cov(x{"”, x") = Cov(x;, x;) = Cu((i — j) A1)

Be—x\i—_nm.
K

(AT)

The mean is simply (x;) = 0 in the steady state and (x?r))
ge ¥ in the transient state, as discussed in Ref. [4].

As a consequence of the Gaussianity of x, all (mixed)
moments of x in the steady state are known, see, e.g., [3]
[Eq. (2.8.4) therein]; the relation is also known as Wick’s or

Isserlis’s theorem. In particular, the odd moments vanish and

(i) =Cel(k — j)At] (A8)
and
(X0 & Xi kmXi 1%, 14-m)
= {C:[mAL]Y + (G — kA
+Clm +1 —KAHC[m+k —DAt];  (A9)

see also [28]. In these expressions, the realization index was
reintroduced. These moments are used in the calculation of
Var(C,(n)). For the statistics of C,(n) and Z(n) the moments
of z are needed, both in the transient state Z?Z) = Z(ng,r{)) and
the steady state z; ; = z(x;x) of the process. These moments
can be calculated by exploiting the structure of the nonlinear
transformation Eq. (7), i.e., z(x) = a e** + c. For an exponen-
tial transformation ae®™ of a Gaussian random variable, i.e.,
a log-normal random variable, the moments are known. As
explained in Ref. [29] (p. 233 therein), the comparison of
the moment (ae™) to the characteristic function ®(s) = (e™)
shows

(ae”™) = a®(—ib), (A10)

044130-13



PODHAISKY, SOKOLOV, ROICHMAN, AND LINDNER

PHYSICAL REVIEW E 113, 044130 (2026)

which can be easily evaluated since the characteristic function
of the normal distribution is known. As shown above, both
{x(tr)} and {x;} follow a multivariate normal distribution for
which the corresponding covariance and mean are known.
Therefore, the characteristic functions of these distributions
are also known, and the above method can be generalized to
higher moments; see Ref. [30]. After modifications, this yields

(exp (bx(”) Jexp (bx(”)) ..exp (bx,(,t,fl) )

1
=exp|be Y e+ Eb2 > Gtk —1)An)

ke{m;) k.le{m:}
(A11)
and
(exp(bxp, Jexp(bxy, )...exp(bx,y, ))
1,
= exp Eb Z C.((k— DA |, (A12)

k,le{m;}

with general time indices m; € {0, ..., Ny — 1}. By going from
a purely exponential transformation to z(x), the following
moments are derived. Some of these expressions are already
included in Ref. [4]; the complete list of needed expressions
reads as follows:

@k =@ =1, (A13)

(zix) =0, (A14)

(Z,(tz)zft?) = fOHfDHFUI=KD) _ fh) _ of () +1, (A15)
(zipzig) = e/ 1D — 1, (A16)

and

(20,12, 14n%i, k Zi )
S S () A (s B ()
+ ef(|l—k+n|) + ef(|k—l+m\) + ef(\l—k-‘rn—m\)

— o UmD+f(UI=kD+f (k—=I+ml)
— S UnD+fUl=kD+f (1 =k+nl)
— L UmD+f Ul =ktnD+f (Nl —k+n—ml)
_ ef(lnl)+f(\k—l+ml)+f(|l—k+n—m|)

+explf(Iml) + f(nD) + f(II — k) + f(l — k + n])
+ f(k =1 +ml)+ f(lk =1 —n+m])], (A17)

with f(j) = e /%¢%/o2. These moments are used in the
subsequent calculations of the statistics of the estimators C,,
C,, and Z;.

APPENDIX B: DETAILED CALCULATION OF Var(C,(n))

As described in Sec. III A, the variance of the correlation
estimator is expressed in terms of the fourth moment:

Var(Cy(n))
1 Nr—1—n
= NNy — )2 k;) (X0 kX enXi, 10 [+n)
- ]l\,{cx[nm]}2
1 Nr—1—n
= N —np > (CnAY +{Cd(1 = k)AY
NWNr — k,I=0

+ Cil(n+1 — k)Af]Ci[(n + k — 1)At])

_ }V{cx[nm]}z. B1)

Since the terms in the sum only depend on the difference
between the summation indices the following substitution:

M—-1M-1 M—1
Fk—l)= > (M—la)F(a)  (B2)
k=0 1=0 a=—M-—1)

simplifies the double sum and yields

Var(Cy(n))
1 fonfl
- Nr —n — |k]){C.[k A1)}
NV =P k=_<§_n_1)( r —n— KDAC. kAL
+ C[(n + k)At]C[(n — k) At]). (B3)

After inserting the correlation function of the Ornstein-
Uhlenbeck process, the symmetry of the sum can be used to
rewrite the expression as

Var(Cy(n))
Nr—n—1
o —2kaAt
N(Nr —n)2|: 2_1: (Nr —n a)(

+ e—K(ln—an-‘ra)At) + (Ny — n)(e—ZKnAt + l)i|’ (B4)

where all negative indices are absorbed into the prefactor
of the sum and the contribution of the Oth index is ap-
pended in the last line. Further simplification is possible after
splitting the sum into two sums with fewer terms, i.e., with
I1<a<n—1and n <a< Ny —n—1, respectively. This
step is only correct under the condition n < (Ny — 1)/2.
Otherwise, the splitting index n would be larger than the
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final index of the original sum. For both sums the term
exp[—«(|n — a| + n + a)At] can then be expressed without
an absolute value. The new expression reads

Nr—n—1

Var(C,(n)) = 2 > (Np —n— aye o
a=1

Oy

N(Ny —n)*
n—1

4 2 Z(NT —n— a)ele(nAt

a=1

Nr—n—1
+ 2 Z (NT —n— a)e—ZKaAt
+ (Np — n)(e "2 + 1)}. (B5)

This result is also only correct for n > 2 due to the start and
stop indices of the second sum. Thus, n = 0 and n = 1 have
to be treated separately, which, however, yields the same final
expression for the variance of the correlation estimator. After
rewriting all three sums according to the scheme

M M k—1
> k@)=Y _h(a)=Y_ h(a),
a=k a=0 a=0

with corresponding expressions for i(a), M, and k, it is pos-
sible to identify finite arithmetic and arithmetico-geometric
sums for which the following relations exist [31] (Secs. 4.2.1
and 4.2.3 therein):

M-1

S tn-o=T0bt M-l (B
n=0
M—1 _ _ M
g 2 01— b
— 1—r
re(l — M=)
W. (B7)

These relations are inserted, and some additional simplifica-
tions can be done. The final expression, which holds true for
n < (Np — 1)/2, reads

Var(éx(n))
0.4
[ S— _ 7 2y — M — ]
NNy — n)? (Np —n)(—r 25" ) — (1 — D
2
+ m[(NT —n)(l—r)—r+ 2rNT—Vl+1
+ (NT - Zn)rn — (NT —2n+ l)rn+1] ’ (BS)

where r = e 724’ In Ref. [17], an approximate expression for
the variance of the correlation estimator of the autoregressive
process AR(1),

Xjp1 = pX;j + €41, (B9)

is given. Under the assumption |p| < 1 the correlation reads
([18], p. 81 therein)

I

Ce(m) = 02 =2 et
where o, is the standard deviation of the driving noise. This
can be simplified using (x7) = 1 and thus Cy(n) = p"!. Using
this expression, it can be identified that Ref. [17] refers to the
correlation estimator defined in Eq. (9) (n in Ref. [17] is iden-
tified as Ny — n) for the simplified case of a single trajectory,
i.e., N = 1. Including only the first order in 1/(Ny — n) and
restricting the result to time indices n << Ny — n, the variance
of the estimator is stated as [17]

1 { (14 p2)(1 — p™)

(B10)

Vi CA‘; ~
ar(Ca(m) ~ —

2

+p2"|:2n+w:|}’ (B11)
1—p2

with y = (¥*) — 3. If the increments ¢ ; are Gaussian, also

x is Gaussian [16] and due to Wick’s theorem y = 0. The

above expression can be rewritten in terms of the correlation

function of the process

1 1+C:(2) + C:(2n) + C:(2n + 2)
Nr —n 1 —C:(2)

2
+2nC}(2n):| + 0[<L) } (B12)
NT —n

Since the AR(1) process can be understood as a temporally
discrete version of the Ornstein-Uhlenbeck process [16], the
above expression can be compared to our result Eq. (BS). To
this end, the parameters in Eq. (B8) are set to N =1 and
oxz =1, and all terms of order O(1/(Nr — n)?) are dropped.
This is done under the assumption n << Ny — n, i.e., in partic-
ular, n%/(Ny — n)?> ~ 0. With these approximations, Eq. (B8)
yields

Var(Cy(n))
1 [ 1—r+r”—r”+1]

Var(Ci(n)) =

~
~

_n_l 21’! 2
Ny—n| " T 1—rp

ZNT—VZ nt

1| R 1+r+r”+r”+1i|
2r
1—r

1 [ 14+ C.2A1) + C(2nA) + C.2(n + 1)AL)
Ny —n 1 —C.(2A1)

+ Zan(ZnAt):|. (B13)

In the second step, the expression is simplified and then
rewritten in terms of the exact correlation function of the
Ornstein-Uhlenbeck process. This result is equivalent to the
result from Ref. [17] up to the difference between the cor-
relation functions of the Ornstein-Uhlenbeck process and the
AR(1) process.
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APPENDIX C: DETAILED CALCULATION OF Cov(C;(n), C,(m)) AND Cov(Zy(n), Ze(m))

As stated in Sec. 111 B, the covariance of the correlation estimator is written in terms of the fourth moment

. . 1 1 Nj'flanTflfm
Cov(C:(m), C.(m) = = [ [(NT T a— ; ; <zi,1z,»,z+nz,-,kzi,k+m>] - Cz<nm)cz<mm>}. (C1)

The fourth moment Eq. (A17) can be inserted. Some terms can be pulled out of the double sum since they do not depend on
the summation indices. The remaining terms depend only on the difference between the time indices and not on the absolute
terms, i.e., the indices k and / do not appear individually but only as a = [ — k. Therefore, the double sum over k and / can be
simplified with the relation

Nr—1—-nNr—1-m -1 m—n Nr—n—1
Z Z F(l—k)= Z (Nr — m + a)F (a) + Z(NT — m)F(a) + Z (Nr — n — a)F (a).
=0 k=l a=—Nr+m+1 a=0 a=m—n+1
—1 m—n Nr—n—1
= ( > Wr—m+a)+Y Nr—m+ Y (Nr—n- a))F(a), (C2)
a=—Nr+m+1 a=0 a=m—n+1
which holds true for n < m. The last step introduces a shorthand notation. This change of summation yields
1 1 -
Cov(C.(n). C — 2| — CrANC.(mAL) — 3+ of D L pFm) Ny —
v(C.(n), C:(m)) N[ dnANC(mAD =3+l /0 + s a=_N§mH( r—m+a)
m—n Nr—n—1
+Y N —m+ Y N —n- a)) (e/ 1D 4 oftntal) 1 of (m—al)
a=0 a=m—n+1

4 pfUm—a=nly _ of(mh+fab+f(m=al) _  f(nD+f(ah+f(ntal) _ ,f(imD+f(ntal)+f(m—n—al)

— efh+f(m—ah+f(m—n—al) | ef(ml)+f(lnl)+f(|a|)+f(n+al)+f(lmal)+f(la+nn1)):|. (C3)

The first line can be expressed in terms of the correlation function and some of the absolute values are irrelevant. The final
expression for the covariance reads

-1
A A [C.(nAt) — 1][C.(mAt) — 1] 1
Cov(C.(n), C.(my) = — =080 N i NN v Y (Nr—m+a)
(Nr = n)(Nr — m) a=—Nyp+m+1
m—n Ny —n—1
+Y N —m+ Y N —n- a)> (ef 1D 4 fUntab 1 of(mab 4 of(m—a=nD
a=0 a=m—n+1
_ pfm+f(ab+f(m=al) _ fm+f(laD+f(ntal) _ ,f(my+f(Intaly+f(m=n—al)
— el S m—afm=n—al) o (myf()+f ) kel (m—abf Gatn—mD)Y | (C4)

As stated above, this result holds true for n < m. The variance can be read by setting m = n. In this case, the three sums can be
subsumed into one sum, which is symmetric in the summation index. By exploiting this symmetry, Eq. (21) is derived.
In the case of the mean estimator Z(n), the covariance is found by inserting the moments from Appendix A into Eq. (24):

. A 1, . :
Cov(Z(n), Zue(m)) = N[ef(n)+f(m)+f(\m—n\) — el I ] — (oI ® _ 1)(ef™ _ )]

1 .
= e Sefm [ mnh _ ], (CS)

APPENDIX D: DETAILED CALCULATION OF Var(d)

The deviation measure d is rewritten in a centered expression, see Eq. (35). To this end, an expression that corresponds to
zero is added, i.e.,

0= (C.(n)) — (Zu(n)); (D1)
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see Eq. (2). This results in

J A N
d= > [Zu(n) = C:(m))?

n=0
1< . . . .
T D [Zu(n) = (Zie(m)) — (C.(n) — (C.(m))P
n=0
1 S . .
=7 D 2 m) + 22 ) — 262 () Zz ()], D2)
n=0
where C(n) = C.(n) — (C.(n)) and Z(n) = Z,(n) — (Zy(n)) are introduced. The variance of d is given by

Var(d) =(d*) — (d)* = 7 > {CEmC m)) + (222 ()2 (m)

n,m=0
+ 4{C ) ZEm)CHm)ZEm)) + 2(C2 () ZE () — 4(C2 ()CEm)ZE(m)) — 4222 ()C(m)Z(m))
— [[ZZ2 ) + (C2m)[(Z: ) + (€22 (m)]}. (D3)

As discussed above, the estimators C'; and Zf; are uncorrelated due to the large time lag between the relevant sections of the
trajectories. The same argument can be applied to powers of these estimators. As a consequence, all mixed moments factorize
into moments of C;' and moments of Z;. Thus,

Var(d) =5 Z {C2MCFm)) + (22 ()22 (m)) + 4{C () CE(m))ZiE () ZE(m)) + 2(C2 ()23 (m)

n,m=0
= 4C2 M m)Zgm) = AZ 0Zg )€ (m)) = [(Z32 0) + (2 )] [(Z7em) + (C2 )]} (D4)

As discussed in Sec. III D, a normal distribution of the estimators can be used as an approximation. The application of Wick’s
theorem results in

Var(d) = — > {{C20NCm) +2(C2m)CFm)* + (22 )2 (m)) + 2(Zs () 2y (m)

n,m=0

+ HCFMCH M) (Zi()ZE(m)) + 2{CEMNZE (m)) — [(Z2 () + (C2)][(Z2 m)) + (C2 ()]}

2 e . . . X
=5 > HEE)EEm)) + (Zam)Zsm)) ]

n,m=0
P A N N 5
=5 D [Covar(C.(m)C.(m)) + Covar(Zy(n), Zi(m)))*. (D5)
n,m=0

Due to the symmetry of the sum, the number of terms in the sum can be reduced, which finally results in Eq. (37).

APPENDIX E: MODEL OF DISTRIBUTION TAIL

The model distribution of the random variable ¢ = C,(0) consists of the measured histogram pyis(c) at ¢ < ¢ and a tail
p(c) ~ Bc™® at ¢ > cg. The cutoff point is roughly determined by visual inspection of the measured distribution in Fig. 15 as
co = 15. The normalization of this distribution is imposed via

co oo
1 =/ Dhist(c)de +/ B *dc
0 Co

=0.717 + L15—““, (E1)
a—1

where the integration interval ¢ € [0, oo) is split up and the first integral over the histogram is replaced by the measured value.
The condition of a correct mean and variance are translated into conditions for the first and second moments. The latter condition
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reads

(o] co o
/ ¢* p(c)de = f ¢ puise(c)de + / Be“*dc
0 0 co

1400.002 = 79.491 + %15*‘”3, (E2)

a—
where the correct value for the second moment on the left-hand side is obtained from the prediction of Var(C.(0)) and (C.(0)).
The first term on the right-hand side is measured with the histogram in Fig. 15. These conditions for the correct normalization
and second moment are used to determine the parameters of the tail as « = 3.10133 and 8 = 176.048 by solving the system of
equations in Mathematica [32]. The mean of this the model distribution can be calculated as
00 o o0 B
/ ¢ p(c)de = / ¢ prist(¢)de + / Bc % lde = 7.346 + —— 157912, (E3)
0 0 0 o—2
where the measured value for the first integral is inserted in the second line. Inserting the model parameters leads to
(C.(0)) = 15.445, which is close to the predicted mean of the estimator at (C,(0)) = 14.643. The resulting variance of the
model distribution is Var(C,(0)) = 1161.376, which is approximately equivalent to the predicted value of Var(c) = 1185.595.
Hence, the model distribution has a correct normalization and is approximately consistent with the predicted values for the mean

and variance.
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