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Stabilizing role of multiplicative noise in nonconfining potentials
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We provide a simple framework for the study of parametric (multiplicative) noise, making use of scale param-
eters. We focus on a large class of one-dimensional stochastic differential equations in which the deterministic
drift pushes trajectories toward infinity. We show that increasing the multiplicative noise intensity surprisingly
causes the mass of the stationary probability distribution to become increasingly concentrated around the points
of minimal multiplicative noise strength. Under quite general conditions the trajectory exhibits intermittent
burstlike jumps away from these minima. Our framework relies on first-term expansions, which become more
accurate for larger noise intensities. In this work we show that the full width at half maximum in addition to the
maximum is appropriate for quantifying the stationary probability distribution (instead of the mean and variance,
which are often undefined). We define a corresponding kind of weak-sense stationarity. We end by applying these
results to the problem of a double-well potential with multiplicative noise, where noise stabilizes unstable fixed
points.
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I. INTRODUCTION

Multiplicative noise (or parametric noise) is ubiquitous
in real-world systems and (in contrast to additive noise) is
known to play an important role in state transitions [1–8],
including tipping points where hopping is induced from one
attractor to another [9–12]. Such events have relevance for
example in synchronization [13–16], human balancing tasks
[17], financial crises [18,19], environmental tipping points
[20–27], neuroplasticity [28,29], epidemics, and stochastic
optimization [30].

A simple model where this effect is of relevance is that of a
double-well potential with multiplicative noise. Such a model
may describe Rayleigh-Bénard convection when the Rayleigh
number is a noisy function of time [31,32] or for example
serve as a simple model for the periodic transitions between
the glacial and interglacial periods in Earth’s history, where
there is evidence that the noise is parametric [33].

Another important noise-induced phenomenon is that of
on-off intermittency, where noise induces an aperiodic switch-
ing between static, so called laminar behavior and chaotic
bursts [34–37]. This is due to the noise causing the bifurcation
parameter to fluctuate around the bifurcation point [38]. Such
behavior is often observed as a continuous route from regular

*Contact author: tphillips@pks.mpg.de

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Open
access publication funded by Max Planck Society.

behavior to chaotic motion [37,39,40]. Such intermittency has
been observed for example in noisy laser systems, which may
exhibit sporadic high-intensity pulses [41–43], Earth surface
temperature at both weather and climate timescales [44–47],
and synchronization of coupled systems of interacting dynam-
ical units, where the bursting induces a phase slip [48,49].

Theoretical work on the topic of noise-induced transitions
has generally taken two different approaches. In the first ap-
proach the effect of noise on a system is quantified according
to the moments (mean, variance, etc.) of the probability dis-
tribution [32,50–53]. This approach, while useful in a small
noise or additive noise limit, is however not able to describe
noise-induced bifurcations, since mean zero noise has no af-
fect on the mean in the Itô formulation.

The effect of noise on a system is instead to broaden and/or
to skew the stationary probability distribution, generally lead-
ing to heavy tails and in some cases even leading to divergence
of the moments. In the second class the sharp transition in
the presence of noise is interpreted as the bifurcation of a
maximum of the stationary probability distribution [1]. It re-
mained unexplained, however, why only the maximum of the
distribution should be observed in experiments [54].

In this paper we explore a class of Langevin stochastic
differential equations (SDEs), which we show under quite
general conditions exhibit on-off intermittency. We build on
the second approach suggesting the use of the maximum as
an alternative to the mean and the full width at half maximum
(FWHM) as an alternative to the variance for systems with
multiplicative noise. These two quantities collectively account
for the body of the probability density function excluding
the heavy tail. We find counterintuitively that by skewing the
tail of the probability distribution the noise induces a kind of
stabilization of the minima of the noise term.
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It has been known for some time that unbiased parametric
noise may stabilize an autonomous linear stochastic system of
two or more dimensions in the sense of the moments, and that
such noise is not sufficient to stabilize a one-dimensional SDE
[55–57]. Here, however, we show that noise is sufficient to
stabilize a one-dimensional SDE in the sense of the maximum
and the FWHM.

The structure of this text is as follows. We first explore a
general class of SDEs. We then focus on the noise-stabilizing
case where the trajectory turns out to exhibit on-off inter-
mittency. We show how these systems can be analyzed in
terms of scale parameters and how from this the FWHM can
be derived. We then show why the mean is insufficient to
arrive at conclusions about the systems with a finite number
of trajectories. In the following section we explore the tails
by considering first passage times (distribution of the bursts).
We finish by generalizing the results and as an example of
application exploring the effect of multiplicative noise in a
double-well potential.

II. BASIC MODEL

The general one-dimensional Langevin SDE is in the Itô
formulation [58]

ẋ = f̃ (x) +
√

2Dg(x)ξ (t ), (1)

where f̃ (x) = f (x) + νDg(x)g′(x). Here ν = 1 refers to the
Stratonovich interpretation and ν = 0 to the Itô interpretation
[59]. Here ξ (t ) represents Gaussian white noise with mean
〈ξ (t )〉 = 0 and correlation 〈ξ (t )ξ (t ′)〉 = δ(t − t ′). f̃ (x) and
g(x) represent the drift and diffusion terms, respectively. The
probability distribution of Eq. (1) evolves according to the
Fokker-Planck equation given by

∂

∂t
p(x, t ) = − ∂

∂x
[ f̃ (x)p(x, t )] + ∂2

∂x2
[Dg(x)2 p(x, t )]. (2)

We focus on the case where the drift f (x) represents a non-
confining potential; i.e., the trajectories drift toward infinity
in the absence of noise. We first consider the case with a
natural boundary at x = ∞ and a kind of natural boundary
at x = 0. Formally speaking the natural boundary would be at
x = −∞, but given a positive drift and a multiplicative noise
term x = 0 will effectively act as a natural boundary. The
stationary distribution is easily obtained from the condition
∂t p(x, t ) = 0 as

ps(x) = N

g2(x)
exp 2

∫ x f̃ (u)

g2(u)
du. (3)

The extrema xm of the stationary solution ps(x) of the Fokker-
Planck equation (FPE) can be easily obtained [by setting the
derivative to zero p′

s(x) = 0] as [1]

f̃ (xm) − (2 − ν)Dg(xm)g′(xm) = 0. (4)

Due to the symmetry of the noise around zero and its lack
of temporal correlations we notice that we may replace g(x)
with |g(x)|, and thus assume g(x) � 0. For what follows we
furthermore assume that g(x) has only one minimum x0 where
g(x0) = 0. From this equation we see immediately that as D
increases the term Dg(x)g′(x) becomes dominant, and thus

that the xm moves closer to the minimum x0 of g(x) as D
increases. This suggests that for large D it may be sufficient to
take the first term of a Taylor expansion around the solution
x0 of g(x0) = 0.

We expand g(x) as a series and take the first nonzero term
of the expansion g(x) ≈ amxm (where m ∈ R is the order of
the lowest nonzero term of the series expansion). The details
of the higher-order terms will often be unimportant, since we
will be primarily interested in the case that the orbit spends
most of the time in the vicinity of the minimum of g(x).
Considering for the moment that g(x) has a minimum at x0 =
0 (generalizations are discussed in the appendices) suggests
studying the general class of first-order Langevin SDEs

ẋ = axn + νDx2m−1 +
√

2Dxmξ (t ), (5)

where the drift a ∈ R>0 acts to create a nonconfining poten-
tial. n, m ∈ R although we will generally restrict ourselves
to (real numbers) n, m � 1 in order to guarantee that the
solution does not explode (see appendices). We assume here
natural boundary conditions (this choice will also prove to be
unimportant in the vicinity of x = 0). It can be obtained easily
from Eq. (4) that the maximum of the stationary distribution
changes with D according to

xm =
(

(2 − ν)mD

a

) 1
n−2m+1

. (6)

We now obtain by straightforward calculation of the sec-
ond derivative that the calculated extremum of Eq. (5) is a
maximum [p′′

s (xmax) < 0] in both the Itô and Stratonovich
interpretations if and only if the condition n − 2m + 1 < 0
holds. We note that these equations also hold exactly even if
there is additional additive noise in Eq. (5). The stationary
distribution of Eq. (5) is given by

ps(x; β ) = Nxν−2m exp
a

D

xn−2m+1

n − 2m + 1
. (7)

This distribution is not always normalizable. The normaliza-
tion constant is calculated in the Itô interpretation as

N−1 =
{

const., if n − 2m < −1,

∞, if n − 2m � −1.
(8)

This result also holds in the Stratonovich interpretation pro-
vided m > 1 (see appendices for details). We now restrict
ourselves to the study of Eq. (5) in the Itô interpretation
ν = 0, although we remark that qualitatively both interpreta-
tions lead to the same basic results. We have so far seen that
for n − 2m + 1 < 0 the stationary distribution has a single
maximum and is normalizable. We now state furthermore in
this regime that this distribution has a scale parameter β, i.e.,

ps(x; β ) = ps(x/β; 1)

β
, (9)

with the scaling parameter given by

β = (D/a)
1

n−2m+1 . (10)

The proof (outlined in detail in the appendices) follows
easily from the stationary distribution. Using scale parameter
properties we can obtain the effect of the parameter on the
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FWHM, the height, and the cumulative probability distribu-
tion. We start by noting that since the scale parameter serves
only to change the scale of the distribution we must in general
have a relationship of proportionality

xm ∝ β, (11)

which is indeed what we observe for both D and a comparing
Eqs. (6) and (10). We note that since m for example is not
a scale parameter we do not expect the same proportionality
relationship to hold for varying m.

The FWHM is the value (xH − x−H ) at which the station-
ary probability density has half its value compared to at the
maximum xm, i.e., p(x±H ) = 1

2 p(xm), where xH is on the left
side and xH is on the right side of xm, respectively. Although
xH and x−H may in general be different distances from the xm,
the way these differences scale proportional to β is the same.
Analogously the locations of the FWHM x±H compared to xm

are clearly

ps(x±H ; β ) ∝ ps(x±H/β; 1) = 1
2 ps(xm/β; 1) (12)

and thus

FWHM = (xH − x−H )1

= (βxH − βx−H )β ∝ β, (13)

where (·)β represents consideration of the distribution
ps(·; β ). The cumulative distribution F (x) = ∫ x p(x′) dx′ is
affected by the scale parameter according to

F (x; β ) = F (x/β; 1). (14)

A. Cases

In the following we consider n, m � 0. We define γ =
1/(n − 2m + 1).

The regime n − 2m < −1 (γ < 0) is shown in Figs. 1(a)
and 1(b). This distribution does exist and is normalizable;
however it has diverging moments and a diverging tail (see
appendices). This regime is characterized by a well defined
finite maximum and FWHM, as well as on-off intermittency.
In this regime increasing D surprisingly causes the stationary
probability density to become more concentrated around the
noise-induced maximum both in the sense of the maximum
∝ D−|γ | and the FWHM ∝ D−|γ | of Eqs. (6) and (13). It could
be said that the noise has an attracting effect, attracting the
trajectory to the point x0 where g(x0) = 0. In fact (as shown in
the appendices) as D → ∞ the stationary distribution surpris-
ingly converges to a delta function. This regime will be the
focus of the remaining sections of this paper. We first briefly
discuss the two other regimes.

In the case of n − 2m > −1 (or γ > 0) it is clear from
Eq. (8) that the distribution is nonstationary. It is visible from
Fig. 1(e) that the noise plays a more diffusive role causing x
to fluctuate around the deterministic trajectory.

The boundary between the two discussed cases is at n −
2m = −1 (γ = 0). It is shown in the appendices that in the
Itô as well as in the Stratonovich interpretation the noise
induces a drift term g(x)g′(x), which may counteract the drift
term f (x). The equality holds if and only if the determin-
istic drift term and the stochastic drift term have the same
dependency on x, i.e., f (x) ∝ g(x)g′(x). This means that no

FIG. 1. Time series and (unnormalized) stationary probability
distribution for Eq. (5), where n = 0, a = 1, and m = 0.8, D = 0.4
[(a), (b)], m = 0.5, D = 1 [(c), (d)], m = 0.35, D = 5 [(e), (f)]. For
(d) and (f) ps(x)/N plotted (where N is the normalization constant),
since ps(x) = 0.

maxima/minima can exist as can be seen from Eq. (4). There
is no maximum and no scale parameter. The distribution is
in that sense “scale” free. It has been shown by Kaulakys
et al. [60,61] that such SDEs (with n − 2m = −1) corre-
spond to 1/ f noise. This noise has the stationary distribution
ps(x) ∝ 1/xλ and spectral density S( f ) ∝ 1/ f α where α =
(4m − 5 − a/D)/(2m − 2). A number of papers have pointed
out the arising of power-law noise in SDEs containing white
noise [62–64]. Power-law spectra are also well known to arise
in analogous systems of discrete maps, which by contrast
exhibit chaotic intermittency [64–66].

B. Stationarity of n − 2m < −1

Is the regime n − 2m < −1 of Eq. (5) stationary? A (strict-
sense) stationary process is one whose density function is
invariant to time shifts. Typically this is taken to mean that
the moments are all finite and are time independent. A wide-
sense stationary process is one where first and second order
properties are finite and independent of time. Generally this
is understood to mean that the first two moments 〈x(t )〉 and
〈x(t + τ )x(t )〉 are independent of time t .

In the regime n − 2m < −1 of Eq. (5) all of the moments
〈xl〉 with l = 1, 2, . . . diverge to infinity. This is clear in the
Itô formalism since the evolution of the mean is the same as
that of the deterministic system, which clearly diverges for
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FIG. 2. (a) Time plot of Eq. (5) averaged over = 106 trajectories,
a = 1, n = 0, m = 1, D = 2, and dt = 10−4. Red line shows theo-
retical mean value. (b) Divergence point of theoretical and measured
mean [gray line in (a)].

ẋ = axn with a > 0 and n � 0 (and from this follows also
the divergence of the higher moments). Thus, in this sense
(for a > 0) the distribution is not stationary, even in a wide
sense. The distribution does however exist in this regime, as
evidenced by Eq. (7). For this reason we argue the moments
are inappropriate to characterize the system of Eq. (5). If
instead the first and second order properties are taken to be
the maximum and FWHM then this distribution is in fact sta-
tionary in a wide sense. We will refer to this as M-wide-sense
stationarity, defined by the existence of a stable maximum and
a FWHM of this density. The stationary probability density
of Eq. (5) when n − 2m < −1 is M-wide-sense stationary, but
not wide-sense stationary in the sense of moments. Let us now
explore this type of stationarity in some more detail.

The trajectories of the SDE of Eq. (5) when n − 2m < −1
exhibit bursts (see Fig. 1). If we observe a single trajectory,
such as that of Fig. 1(a), we see that regardless of initial
conditions the particle will quickly return to the vicinity of
the maximum. Due to this, regardless of the initial condition,
the correct maximum and FWHM can be established even for
relatively short trajectories. This does not change over time.
The mean on the other hand cannot in general be established
for long trajectories (see Fig. 2).

Due to the heavy tail of the probability distribution the
larger bursts dominate the smaller bursts in size by orders of
magnitude [Fig. 2(a)]. Since the probability of such a burst
having happened increases over time, this means that for a
finite ensemble of trajectories the probability of the bursting
distorting the mean increases over time. This means that larger
sample sizes are increasingly necessary to determine the mean
accurately as time evolves. The fact that the trajectory keeps
returning to the vicinity of the maximum is not in contradic-
tion to the fact that the mean continually increases. This ap-
parent contradiction can be explained by the fact that as time
evolves, the probability of having had a large burst increases.

To see why it is most appropriate to consider the distri-
bution in terms of its maximum and FWHM instead of its
moments, we run a large ensemble of trajectories (up to K =
107) of Eq. (5) with initial conditions at x0 = 0 [Fig. 2(b)].
We see clearly that the average of a small ensemble may
represent the theoretical mean faithfully only up to a certain
time tdiv, after which the two values diverge. This amount of
time tdiv can be clearly observed to increase logarithmically
with system size K . This means that it is unrealistic to describe

any more than a fairly short trajectory tdiv ≈ 10 in terms of the
mean using only standard computers.

III. LAMINAR DISTRIBUTION

We now look at the statistical properties of the bursting for
the on-off intermittency case n − 2m < −1. The particle has
a laminar length, defined as the amount of time (or length l)
between two bursts. A burst is defined as quick event where
the trajectory exceeds a certain threshold xc. To calculate this
distribution we begin with the time-dependent Fokker-Planck
equation of Eq. (5) and then have

∂ p(x, t )

∂t
= − ∂

∂x
[axn p(x, t )] + D

∂2

∂x2
[x2m p(x, t )]. (15)

As the coordinate of the system stays for a long time in the
region x < xc, one can suppose that the probability density
may find the form of a metastable distribution decaying for a
long period of time. The relaxation process of the probability
density to this metastable state is supposed to be very fast in
comparison with the time of the metastable distribution decay;
therefore one can neglect the transient 0 � t � ttr [67–69].
Under the assumptions above the probability density may be
written as

p(x, t ) = A(t )q(x) (16)

for small x. q(x) can be solved in much the same way as the
stationary distribution. The decrease of A(t ) should be deter-
mined by the probability distribution taken in the boundary
point xc, i.e., dA(t )/dt ∝ −p(xc, t ). This assumption, which
is also equivalent to neglecting the time correlation of the
orbit, may be rewritten as

dA(t )

dt
= −kA(t )

1

Dx2m
c

exp
a

D

xn−2m+1
c

n − 2m + 1
, (17)

where k is a proportionality coefficient. In the absence of a
further constraint it may be that both k and A(t ) are functions
of D. Evidently the decrease of A(t ) is described by the expo-
nential law,

A(t ) = A(0) exp −kηt, (18)

where

η = k

Dx2m
c

exp
a

D

xn−2m+1
c

n − 2m + 1
. (19)

This is equivalent to the exponential law for the laminar
phase distribution, since this distribution is defined as

l (t ) = −
∫ ∞

0

∂ p(x, t )

∂t
dx, (20)

and thus defining T̃ −1 = ηk we have

l (t ) = T̃ −1 exp(−t/T̃ ). (21)

This exponential decay of the laminar lengths is shown in
Fig. 3.

Mean first passage time

For the purposes of further theoretical treatment we will
explore the mean first passage time (MFPT). The first passage
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FIG. 3. Stationary probability distribution of the laminar length
l . l obtained from a single long-time series by measuring the amount
of time that elapses between trajectory passing below threshold
xc (toward x = 0) and passing once again above threshold xc (to-
ward x → ∞). Plotted logarithmically and fitted with exponential fit
p(l ) ∝ e−λl . Inset plot is survival probability density over l .

time is defined as the time taken to travel from x0 to the thresh-
old xc. We choose x0 = 0.1. Given that bursts quickly return
back to the vicinity of g(x) = 0 we expect the distribution
of laminar lengths to be equivalent to the distribution of first
passage times. The mean of this distribution can be calculated
using numerical methods (see appendices) considering reflect-
ing boundaries at x = 0 as [58]

T (x0) = 1

D

∫ xc

x0

dy

ψ (y)

∫ y

0

ψ (z)

z2m
dz, (22)

where we have defined ψ (x) := exp a
D

xn−2m+1

n−2m+1 . A plot of the
mean first passage time for different m is shown in Figs. 4(a)–
4(c). We see that a power law becomes an increasingly good
approximation of the MFPT as the threshold boundary xc is in-
creased [compare Figs. 4(a) and 4(c)]. We see that (for n > 0)
the frequency of the bursts T −1 (equivalent to l) decreases
with D. Increasing the multiplicative noise intensity thus sta-
bilizes the system also in the sense of longer laminar lengths
(in addition to in the sense of the maximum and FWHM). We

FIG. 4. (a)–(c) Inverse MFPT. Lines are analytical results ob-
tained from Eq. (22) obtained with Simpson’s rule; circles are
numerics. (d) Circles are λ obtained from exponential fit shown in
Fig. 3. Lines are power-law fit.

see by comparing Figs. 4(a) and 4(c) that multiplicative noise
D has less of an effect for larger m. This is presumably due
to the trajectory being drawn closer to the minimum g(x) = 0
for larger m where the noise term

√
2Dxm is smaller.

In Fig. 4(d) numerical results obtained from the decay
constant λ of the exponential distribution are shown. These
are obtained by measuring a survival probability density de-
termined in stochastic simulations (see Fig. 3). In calculating
this density we do not consider laminar lengths under a given
threshold l0 < 0.28, which are very sensitive to the choice
of initial conditions and as such do not obey an exponential
distribution. In Fig. 4(d) it is clearly visible that λ decays
with Dm according to a power law λ ∝ D−α

m . The agreement
between the inverse MFPT T −1 and λ as xc becomes large is
to be expected, since the higher the upper boundary the less
sensitive is T −1 to the initial conditions.

IV. GENERALIZATIONS

A. Generalized drift and Stratonovich interpretation

The first generalization is the equation

ẋ = a1xn + a2x2m−1 +
√

2Dxmξ (t ). (23)

The maximum of this equation can be easily obtained from
the derivative of the stationary probability density as

xm =
(

(2 − ν)mD − a2

a1

) 1
n−2m+1

. (24)

We see that (assuming a1 > 0) the maximum is only well
defined if a2 < (2 − ν)mD as well as n − 2m + 1 < 0. Equa-
tion (23) can use the following substitution,

y(x) = α−1xα where α = 1 − (a2/D), (25)

and Itô’s lemma [68] can be brought into the original form

ẏ = a1(αy)
n+α−1

α +
√

2D(αy)
m+α−1

α ξ (t ). (26)

Since y(x) is proportional to xα we can see that from M-
stability of y must also follow M-stability of x. Considering
the exponents of Eq. (26) instead of those of Eq. (5) we see
that the α terms cancel out and that we have M-stability for
n − 2m + 1 � 0.

We note that if we instead interpret Eq. (5) using the
Stratonovich interpretation then we may rewrite this in the Itô
formulation by considering the Stratonovich drift term

ẋ = a1xn + a2x2m−1 +
√

2Dxm ◦ ξ (t )

= a1xn + (a2 + mD)x2m−1 +
√

2Dxmξ (t ), (27)
√

2Dxmξ (t ), where ◦ indicates that xmξ (t ) is interpreted in
Stratonovich sense. We see from this and the previous discus-
sion about substitution and use of scale parameters that the
FWHM is well defined and stable for this equation as long as
a2 < mD and n − 2m + 1 < 0. In other words if Eq. (23) is
M-stable in the Itô interpretation then it is also M-stable in
the Stratonovich interpretation as long as the condition a2 <

(2 − ν)mD holds. We have seen that FWHM ∝ (1/a1)
1

n−2m+1 .
It is interesting to ask more generally whether D behaves

as a scale parameter for the more general Eq. (23) (where a2
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FIG. 5. xmax and FWHM of Eq. (23) (a) for fixed n = 0, a2 = 0 (a1 = 0.5), (b) n = 0, a2 = −0.2 (a1 = 1), (c) m = 0, a2 = 0 (a1 = 0.5),
and (d) m = 0, a2 = −0.2 (a1 = 1). Lines of xmax and FWHM are fits using Eqs. (6) and (28), respectively.

is a constant independent of D). In this case we would expect
the FWHM to vary with D as the maximum does according to

FWHM ∝
(

(2 − ν)mD − a2

a1

) 1
n−2m+1

. (28)

This claim is explored in Figs. 5(a) and 5(b) for different m
and Figs. 5(c) and 5(d) for different n. We see for a2 < 0
in panels (b) and (d) that agreement between the conjecture
and numerical results agrees increasingly well as D becomes
larger. This is to be expected, since α → 1 and thus y(x) → x
as D → ∞. For a2 > 0 the agreement seems to be good even
for smaller D (results shown in the appendices). Numerical
simulations suggest that a2 is not a scale parameter.

B. Additive noise

We now consider the more general case where additive
noise ξadd is added to the SDE; i.e., we write Eq. (1) as

ẋ = f (x) +
√

2Dmg(x)ξm(t ) +
√

2Daddξadd(t )

= f (x) +
√

2Dmg(x) + 2Daddξ (t )

= f (x) +
√

2Dmg̃(x)ξ (t ), (29)

where g̃(x) :=
√

g(x)2 + Dadd/Dm. The second line is a con-
sequence that the two noises ξadd(t ) and ξm(t ) are independent
and Gaussian and thus the covariance is the sum of the indi-
vidual covariances. It can easily be shown that g̃(x )̃g′(x) =
g(x)g′(x). For this reason this alteration has no affect on the
maximum of the distribution, derived from Eq. (4). We there-
fore expect additive noise to also have no effect on the scale
parameter, since β ∝ xm. We would for example expect the
FWHM to vary with Dm in the presence of additive noise just
as FWHM varies with D when no additive noise is present.
This is indeed the case and will be explored more fully in a
follow-up paper.

V. EXAMPLE

In this section we apply the results of this paper to elucidate
the role played by multiplicative noise in the tipping points in
a double-well potential. A classic model containing a double-
well potential (and multiplicative noise) is that of the (noisy)
Duffing oscillator described by the equation [51–53]

1

γ
ẍ + ẋ = [a + y(t )]x − bx3, (30)

where b is the (positive) friction coefficient and d is the
mean frequency. y(t ) is Ornstein-Uhlenbeck noise with corre-
lation function 〈y(t )y(0)〉 = qe−
ω|t |. This equation may for
example be used to model the stability properties of the con-
ductive state for Rayleigh-Bénard convection, if we consider
the Rayleigh number to be a noisy function of time [31,32].
In the limits (i) γ � 
ω and (ii) 
ω � γ both may be
represented by the same formal equation

ẋ = [a +
√

2Dξ (t )]x − bx3 (31)

if this equation is interpreted in the sense of Stratonovich
in case (i) and in the sense of Itô in case (ii) [54]. This is
the equation of a double-well potential with multiplicative
noise. In the absence of noise this double-well potential has
an unstable fixed point at x = 0 and two stable fixed points
at x = ±√

a/b. The stationary probability distribution can be
calculated as

ps(x) = N

2D
x

a
D −2 exp − b

2D
x2. (32)

The FWHM is not simple to obtain from this equation, since
by setting ps(xH ) = ps(xm)/2 and calculating the maximum
xm we obtain the xH at the point of the FWHM is a function of
the nonanalytic Lambert W function. Nevertheless, consider-
ing the ideas of this paper [comparing (b/2D)x2 and (x/β )2]
we see immediately that we have a scale parameter β ∝ b−1/2.
Thus FWHM ∝ β ∝ b−1/2. This agreement is illustrated in
Fig. 6. In the case of multiple peaks for every single peak we
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FIG. 6. Double-well potential of Eq. (31) with parameter a = 1, (a)–(c) D = 0.5, (a) time plot, b = 1, (b) stationary probability density,
b = 1, (c) FWHM of (in deterministic case unstable) fixed point. (d)–(f) Same as (a)–(c) with D = 0.05, whereby a small amount of additive
noise Dadd = 0.01 has been added to allow jumping across x = 0. Simulation time T = 50 000 and time step dt = 0.001.

can define its individual FWHM as before in the case of the
single peak. In the case of Fig. 6(e) both peaks are identical
and so we may pick either peak for the analysis.

We now explore the behavior of the system in the vicinity
of these fixed points. In the vicinity of x = 0 we argue that
noise may stabilize the system. To show this we first calculate
the maximum of the stationary probability distribution using
Eq. (4) as

xm = ±
√

(a − 2D)/b. (33)

As D is made larger (→ a/2) the maximum moves closer
toward x = 0. In this region we make a simplifying approxi-
mation of −bx3 + ax ≈ ax1−ε where ε > 0 is a small number
and ε → 0 as D → a/2. We can see immediately that n =
1 − ε and m = 1 and thus n − 2m < −1. In other words the
noise makes the fixed point at x = 0 M-stable. For D > a/2
the maximum of the stationary distribution is at x = 0. This
again demonstrates the confining role of multiplicative noise,
showing that white noise may stabilize the position of the
potential well.

If D is small then we may linearize around x = √
a/b to

obtain

ẋ ≈ 2a
√

a/b − 2ax +
√

2Dxξ (t ). (34)

Using the substitution y(x) = α−1xα where α = (D + 2a)/D
we obtain

ẏ = 2a
√

a/b

(
D + 2a

D
y

) 2a
D+2a

+
√

2D

(
D + 2a

D
y

)
ξ (t ). (35)

We see that n = 2a/(D + 2a) < 1 and m = 1 and thus n −
2m < −1. Thus these minima are also M-stable. We also see
as noted previously that b−1/2 is a scale parameter. However
the fact that noise of a similar double-well potential system
causes the distribution to move toward zero at large intensities
has been known from work from Graham et al. [54] that work
focused on moments, such as 〈x2〉 related to the variance. It
was as such not able to account for the effect of the parameters
on narrowing the peaks of the distribution.

The effect of multiplicative noise is argued in this paper
to stabilize the system in the sense that it moves the body of
the distribution to the point where the multiplicative noise
term |g(x)| is smallest, i.e., in this case at x = 0. It shows
stabilization of a point in the phase space which is repelling
without multiplicative noise. This is true of Eq. (35) both in
the sense of the maximum [Eq. (33)] and the FWHM shown
in Fig. 7. We distinguish again between the two cases 2D < a
and 2D > a. D is not a scale parameter of this system (even
in limits of D). As mentioned when 2D < a there are two
minima of the double well at x = √

a/b and when 2D 
 a
we linearize around these points [see Fig. 6(e)]. We see
from Eq. (33) that the maximum moves with increasing D
away from these minima (toward x = 0) and from Fig. 7
that the FWHM becomes more diffused; i.e., with increasing
D
the minima of the potential become less stable. As 2D > a
the maximum is centered on x = 0 [see Fig. 6(b)], and here
it is the linearization around x = 0, which is M-stable. In this
domain increasing D causes the FWHM to become smaller;
i.e., x = 0 becomes increasingly stabilized.

FIG. 7. FWHM of Eq. (31) where b = 1. The point where 2D =
a is marked by a dashed line. When 2D is slightly less than a the two
potentials still have separate maxima but are merged, and the FWHM
is calculated from the merged distribution.
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VI. CONCLUSIONS

We have shown that under quite general conditions (when
n − 2m < −1) increasing multiplicative noise intensity shifts
the mass of the stationary distribution closer to the minimum
of the absolute value of g(x) and behaves as a scale parameter.
Intuitively ẋ = g(x)ξ (t ) is most stable at the minimum of g(x),
because at this point there is less noise acting to perturb the
trajectory. We have shown that in this range there is expo-
nentially distributed on-off intermittency, and that this goes
hand in hand with the distribution having a scale parameter (a
kind of self-similarity). The fact that both of these phenomena
are connected is well known in turbulence. The boundary case
n − 2m = −1 is scale-free power-law noise (with a power-law
spectral density).

When exploring the analytically most simple case of natu-
ral boundaries we have defined the concept of a distribution
being M-wide-sense stationary (having constant maximum
and FWHM) and shown that the case of n − 2m < −1, even
though it is not wide-sense stationary in the traditional sense
(having diverging moments). We have shown importantly that
the FWHM generally varies with the scale parameters in this
regime in the same way as the maximum. The maximum and
FWHM act as analogs to the first and second moments and
collectively describe the body of the distribution, excluding
the heavy tail. The bursts have been considered using first
passage time theory.

Given essentially only the requirement of a significant
multiplicative noise term we expect these results to be quite
applicable to a range of different problems including extreme
bursts, tipping points, and synchronization. We have applied
the ideas of this paper to a double-well potential as a specific
example. In particular these methods are important in the
regime of large noise where standard small-noise perturbation
methods are insufficient. In this regime we have shown that
it is sufficient to study the first term of a Taylor expansion of
both the deterministic and stochastic terms of the Langevin
equation.

The authors have no conflict of interest to disclose.

APPENDIX A: SOME BASIC ANALYTICS

1. Delta function as D → ∞
In this subsection we show that the stationary distribution

of Eq. (5) with n − 2m < −1 becomes a delta function as
D → ∞. To prove these we calculate the integral of this func-
tion against a sufficiently good test function φ as D → ∞.
Rigorously, the Dirac function is only defined when acting on
functions in the Schwartz space. Let φ be an infinitely smooth
function on R with compact support φ ∈ C∞

c (R). We define

fD := N

x2m
exp − a

Db2

xn−2m+1

n − 2m + 1
. (A1)

We now calculate the integral of this against our test function
(using notation from functional analysis),

〈 fD, φ〉 =
∫ ∞

0

N

x2m
exp − a

Db2

xn−2m+1

n − 2m + 1
φ(x) dx

=
∫ ∞

0

Ñ

y2m
exp − a

b2

yn−2m+1

n − 2m + 1
φ
(
yD

1
n−2m+1

)
dy,

(A2)

FIG. 8. Time plot and stationary solution of FPE of Eq. (A7).
Gray lines indicate FWHM.

where we have used the fact the p(x < 0) = 0 and the sub-
stitution y = xD− 1

n−2m+1 . We have defined Ñ := ND
1−2m

n−2m+1 . We
now look at the case where n − 2m < −1. As φ is contin-
uous and compactly supported, this integrand is dominated
by (Ñ/y2m) exp(− a

b2
yn−2m+1

n−2m+1 )‖φ‖∞, which integrates to ‖φ‖∞.
Moreover, because φ is continuous the integrand converges
pointwise to Ñ

y2m exp − a
b2

yn−2m+1

n−2m+1φ(0) as D → ∞. Applying
the dominated convergences theorem yields

lim
D→∞

〈 fD, φ〉 = Ñ

y2m
exp − a

b2

yn−2m+1

n − 2m + 1
φ(0)

= φ(0) (A3)

since the stationary probability distribution is normalized to 1.
Thus

lim
D→∞

〈 fD, φ〉 = 〈δ0, φ〉. (A4)

This result is in a way very counterintuitive. As additive
noise intensity increases distributions become wider and flat-
ter (diffusion). Multiplicative noise in this sense seems to
have exactly the opposite effect as additive noise, causing the
distributions to become increasingly more peaked.

2. Generalized minima of g(x)

If g(x) has a different zero g(xu) = 0 to x = 0 or if the
deterministic drift is instead going in the negative direction
and the noise creates a gradient in the positive direction such
as

ẋ = −a|x|n +
√

2Dc|xu − x|mξ (t ), (A5)

then we may use a transformation y = xu − x to bring the
equation into the form

ẏ = a(y − xu)n +
√

2Dymξ (t ), (A6)

which in the case of n = 1 takes the form of Eq. (5). In the case
that the drift and diffusion are acting in the same direction the
variable will simply drift into the zero g(x) = 0 at which point
the noise will switch off. An example is shown in Fig. 8 for
the equation

ẋ = −axn + b(x − 1)mξ (t ). (A7)

The trajectory has laminar lengths in the vicinity of x = 1 and
experiences bursts in the negative direction due to the negative
drift term.
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3. Noise-induced drift

In this section we discuss the drift induced by multiplica-
tive noise. In the Stratonovich case noise induces a well
known “Stratonovich” drift Dg(x)g′(x). In the Itô interpre-
tation this drift term is also present. To justify that claim
we use a substitution, which obeys h′(x) := 1

g(x) . Thus the

general substitution must be y = h(x) = ∫
dx

g(x) and h′′(x) =
−g′(x)/g2(x). In this way we obtain (the well known equation)

dy = h′(x) dx + 1

2
h′′(x) dx2

= 1

g(x)
[ f (x) − (2 − ν)Dg(x)g′(x)] dt +

√
2DdWt . (A8)

The transformation y = h(x) is known as the Lamperti trans-
formation [70,71]. When f (x) is more strongly nonlinear
than g(x)g′(x) then the drift is dominant. When it is the
other way around then it is the multiplicative noise, which
is dominant. When f (x) ∝ g(x)g′(x) then there is balance.
These three cases correspond to our observed, nonstationarity
[Fig. 1(e)], on-off intermittency [Fig. 1(c)], and power-law
noise [Fig. 1(a)] cases, respectively. This transformation does
however not shed light on properties such as the FWHM.
These results highlight how the multiplicative noise creates a
drift Dg(x)g′(x), which holds in both the Itô and Stratonovich
interpretations. The potential of y is given by V = − ∫

( f −
Dgg′)/gdx.

Due to the symmetry of the white noise the function g(x)
can be replaced with the function |g(x)|. In this way it can be
seen that y = h(x) is a monotonic function of x. This is in line
with the behavior of the maximum [Eq. (4)].

It is clear that when g(x)g′(x) varies more strongly x over
the domain than f (x) then the overall drift direction of the
particle (at large x) is toward the zero g(x) = 0 (this is a
generalization of the case n − 2m < −1). On the other hand
if f (x) varies more strongly x over the domain than g(x)g′(x)
then the dominant force on the particle (at large x) is forcing
it toward the fixed point f (x) = 0 (this is a generalization of
n − 2m > −1).

4. FPE

The following theory is well known (see for example
[1,68]). The Fokker-Planck equation is given by

∂

∂t
p(φ, t ) = − ∂

∂φ

[{
f (φ) + ν

2
g′(φ)g(φ)

}
p(φ, t )

]
+ 1

2

∂2

∂φ2
[g2(φ)p(φ, t )] (A9)

= − ∂

∂φ
J (φ, t ). (A10)

We wish to obtain the stationary distribution ∂t ps(φ, t ) = 0.
The solution to the homogeneous equation, known as the
fundamental solution, is found to be

ψ (φ) := exp

[
2

∫ φ f (φ′) + 1
2 g′(φ′)g(φ′)

g2(φ′)
dφ′

]
. (A11)

The complete solution is found to be

ps(φ) = ψ (φ)

g2(φ)

(
N − 2J

∫ φ dφ′

ψ (φ′)

)
. (A12)

In the case of absorbing or natural boundary conditions J = 0.
Thus the stationary solution becomes

ps(x) = N

g2(x)
exp 2

∫ x f (u)

g2(u)
du. (A13)

5. Proof-of-scale parameter

To show this we prove that ps(x; β ) ∝ ps(x/β; 1). From
this Eq. (9) follows automatically, due to normalization. We
now prove the first statement. Since g(x)g′(x) = 2Dmx2m−1,
the left-hand side of Eq. (9) is equal to

ps(x; β ) = N

2Dg2(x)
e

1
D

∫ x
A

f (u)+(ν/2)g′ (u)g(u)
g2 (u)

du

∝ x(ν−2)m exp
a

D

xn−2m+1

n − 2m + 1
, (A14)

where A is the left boundary, and ν = 1 in the Stratonovich
interpretation and ν = 0 in the Itô interpretation. On the other
hand we also have

ps(x/β; 1) = N (x/β )−2me
∫ x/β un

u2m + m
u du

∝ x(ν−2)m exp
(x/β )n−2m+1

n − 2m + 1
. (A15)

From simple comparison β is obtained. Thus Eqs. (9) and (10)
have been proven. The normalization constant is calculated as

N−1 = 1

2D

∫ ∞

0
x(ν−2)me

a
D

xn−2m+1

n−2m+1

= 1

2a
xνm−n

( a

Dδ
x−δ

) νm−n
δ

× �

(
(2 − ν)m − 1

δ
,

a

Dδ
x−δ

)∣∣∣∣∞
0

, (A16)

where δ := 2m − n − 1 > 0. In the Itô interpretation N−1 <

∞ for all δ > 0. In the Stratonovich interpretation this is
only guaranteed if we impose the additional requirement that
m > 1. In the case that n = 0 and m = 1 in the Stratonovich
interpretation we have

N−1 ∝ lim
b→∞

∫ b

0

e− a
Dx

x
dx = �(0), (A17)

which is undefined. A similar result holds for all m < 1. In
the special case n = 0 and m > 0.5 in the Itô interpretation
we obtain the simple result

N−1 = 1

2D

∫ ∞

0
x−2m exp

a

D

x1−2m

1 − 2m
dx = 1

2a
. (A18)

In fact more generally we notice in the Itô interpretation for
m = 1 (n < 1 follows from δ > 0) that

N−1 ∝ 1

D

(
D

a

)− 1
n−1

. (A19)
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The fact that Ps(x) is normalizable when m � 1 only in the Itô
interpretation, not in the Stratonovich interpretation, requires
some discussion. It is generally thought that both the Itô
and Stratonovich interpretations should lead to qualitatively
similar results. It is suggested in [1] (page 112) that if an SDE
admits a stationary solution in the Itô interpretation, but not
in the Stratonovich interpretation (or vice versa), then such a
discrepancy should be interpreted as a “red warning light” and
may indicate pathological features.

Our model does not seem to have any pathological features
in its domain x ∈ (0,∞) such as not being differentiable at
a point. Beyond this, in this paper we are interested in the
maximum and FWHM, which are both independent of the
normalization and are in fact qualitatively similar. Both dis-
tributions are M-stable. For this reason we are not concerned
with the fact that one is normalizable while the other is not,
which is a reflection only of the heaviness of the tails. The
tails are however nevertheless also qualitatively the same, both
decaying according to a power law.

We now ask in the more general case of Eq. (23) if there
exists a scale parameter analogous to D

1
n−2m+1 when a2 �= 0:

ps(x; β ) = N

2D
x

a2
D −2me

a1
D

xn−2m+1

n−2m+1

∝ x
a2
D −2me

a1
D

xn−2m+1

n−2m+1 , (A20)

ps(x/β; 1) ∝ (x/β )
a2
1 −2me

(x/β )n−2m+1

n−2m+1

∝ xa2−2me
(x/β )n−2m+1

n−2m+1 . (A21)

These results seem to show from the mismatches in the power-
law terms in general that D is not a scale parameter unless
a2 = 0 or a2 ∝ D (equivalent to a2 = 0 in the Stratonovich
interpretation). a1 is in general a scale parameter. We see that
x scales according to βx ∝ FWHM ∝ (1/a1)

1
n−2m+1 . Although

the parameters a2 and D are inextricably linked, and a2 is not a
scale parameter, we do still see in the limit of large D or small
a2 (more precisely D � a2) that βx ∝ D

1
n−2m+1 .

6. Diverging moments

We show diverging moments of Eq. (A20) when δ = 2m −
n − 1 > 0. We first note that due to the average of the noise
being zero the expectation of the trajectory is identical to the
deterministic trajectory, i.e., 〈ẋ〉 = f (x). Since the potential is
chosen to be nonconfining the 〈x〉 drifts to infinity.

To calculate the moments of the stationary distribution
more generally we start with Eq. (A20) and then

ps(x) = N

2D
x

a2
D −2m exp −a1

D

x−δ

δ
. (A22)

The first moment is calculated as

〈x〉 = N

2D

∫ ∞

0
x1+ a2

D −2m exp −a1

D

x−δ

δ
dx (A23)

= 1

δ
xν

(
a1x−δ

Dδ

) ν
δ

�
(
−ν

δ
,

a1

Dδ
x−δ

)∣∣∣∞
0

(A24)

= ∞, (A25)

where ν := 2 + (a2/D) − 2m. Since the first moment di-
verges so too do all of the higher moments.

7. MFPT

We now look at intermittency without resetting. For the
case that D2 = 0 we can assume reflecting boundaries as
x = 0 and the above equation for the MFPT can be simplified
dramatically to

T (x) = 〈T 〉 =
∫ ∞

0

∫ b

0
ρ(x′, t |x, 0) dx′ dt, (A26)

which has a general solution

T (x) = 2
∫ b

x

dy

ψ (y)

∫ y

a

ψ (z)

g2(z)
dz. (A27)

We now look at Eq. (5) (n = 0, m = 1) and calculate the
fundamental solution

ψ (x) = exp
∫ x

a
dx′ ω

Dx2
= Ce− ω

Dx , (A28)

where C is a constant. When the left-hand side has a reflecting
boundary this becomes

T (x) = 2
∫ b

x
dye

ω
Dy

∫ y

0

e− ω
Dz

2Dz2
dz

=
∫ b

x

dy

ω
= b − x

ω
. (A29)

From this we can obtain the mean laminar length 〈l〉 as

〈l〉 = |T (b) − T (x)| = |b − x|
ω

, (A30)

and thus the number of bursts in a time period L, which we
denote as χ , is

χ (L) = L

〈l〉 = 2π

〈l〉 . (A31)

It is known that the absolute values of the outfluxes of proba-
bility are related to the conditional escape time densities [72].

8. Additive noise

The stationary probability distribution is given by

ps(x) = N

2D1x2m + 2D2
e

2
∫ x aun

2D1u2m+2D2
du

= N

2D1x2m + 2D2

× exp
axn+1

D2(n + 1)
2F1

(
1,

n + 1

2m
;

χ

2m
;

−x2m

D2/D1

)
,

(A32)

where χ = 2m + n + 1. For the case of n = 0 and m = 1 this
reduces to

ps(x) = N

2D1x2m + 2D2

× exp
2a√
D1D2

⎡⎣nπ + tan−1

⎛⎝√
D1

D2
x

⎞⎠⎤⎦, (A33)
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where n ∈ Z is defined such that π (n − 1
2 ) � θ < π (n + 1

2 ).

Simulations show that the FWHM decreases as ∝ D
1

n−2m+1 . We
assert that additional additive noise D2 makes no difference
to this behavior. To be more explicit the noise does broaden
the distribution, making the FWHM wider. The FWHM is
nevertheless made smaller again by increasing multiplicative
noise according to ∝ D

1
n−2m+1 .

9. Stability of paths

The conditions required for the existence and uniqueness
in a time interval [t0, T ] are the Lipschitz condition and the
growth condition. Almost every stochastic differential equa-
tion encountered in practice satisfies the Lipschitz condition
since it is essentially a smoothness condition. The growth
condition is that there exists a K such that for all t in the range
[t0, T ]

| f (x, t )|2 + |g(x, t )|2 � K2(1 + |x|2). (A34)

The growth condition in contrast to the Lipschitz condition is
often violated. If these conditions hold then it is guaranteed
that the solution will not become infinite in a finite time.
For our case of n = 0 and m = 1 it is guaranteed that the
solution will not explode. This is however not guaranteed if
either n > 1 or m > 1. Simulations suggest that the trajectory
does not explode over not too long time frames for n or m
slightly greater than 1. Nevertheless it is for this reason that
we generally restrict ourselves to the cases n � 1 and m � 1.

APPENDIX B: GENERAL

1. Results for a2 > 0

Results for a2 > 0 are shown in Fig. 9. Agreement
seems to exist between conjecture and simulations even for
smaller D, although simulations become increasingly more

FIG. 9. xmax and FWHM of Eq. (23) for a2 = 0.2 and a1 =
0.5. Lines of xmax and FWHM are fits using Eqs. (6) and (28),
respectively.

challenging in this domain, requiring a longer simulation time
and a smaller time step.

2. Higher-order “M-moments”

We also speculate that instead of higher-order Gaussian
moments such as the kurtosis, quantifying a heavy-tailed
distribution using the power law of the tail is more appropri-
ate. The link between power laws and multiplicative noise has
already been the work of recent literature [73–75].
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