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ABSTRACT

Phase reduction is an effective theoretical and numerical tool for studying the synchronization of coupled deterministic oscillators. Stochas-
tic oscillators require new definitions of the asymptotic phase. The Q-function, i.e., the slowest decaying complex mode of the stochastic
Koopman operator (SKO), was proposed as a means of phase reduction for stochastic oscillators. In this paper, we show that the Q-function
approach also leads to a novel definition of “synchronization” for coupled stochastic oscillators. A system of coupled oscillators in the syn-
chronous regime may be viewed as a single (higher-dimensional) oscillator. Therefore, we investigate the relation between the Q-functions
of the uncoupled oscillators and the higher-dimensional Q-function for the coupled system. We propose a definition of synchronization
between coupled stochastic oscillators in terms of the eigenvalue spectrum of Kolmogorov’s backward operator (the generator of the Markov
process, or the SKO) of the higher-dimensional coupled system. We observe a novel type of bifurcation reflecting (i) the relationship between
the leading eigenvalues of the SKO for the coupled system and (ii) qualitative changes in the cross-spectral density of the coupled oscillators.
Using our proposed definition, we observe synchronization domains for symmetrically coupled stochastic oscillators that are analogous to
Arnold tongues for coupled deterministic oscillators.
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Synchronization and phase reduction have precise meanings
for deterministic limit-cycle oscillators, but stochastic oscillators
require new definitions. The slowest decaying eigenmode of the
stochastic Koopman operator (SKO), the Q-function, is a nonlin-
ear coordinate transformation that provides a universal descrip-
tion for stochastic oscillators. The leading SKO eigenvalues for
coupled oscillators undergo a bifurcation, reflecting a qualitative
change in system dynamics. Here, we present a new definition of
“synchronization” for stochastic oscillators in terms of this SKO
eigenvalue bifurcation.

I. INTRODUCTION

Synchronized oscillations are ubiquitous in natural and
engineered systems." Examples include synchronized neural

dynamics underlying perception, cognition, and memory,”* chem-
ical kinetics,”® firefly populations,”® locomotion and rhythmic
movement,””'" circadian rhythms,'>"* cardiac rhythms,'*"* and elec-
troencephalogram (EEG) data.'*""*

In the deterministic case, uncoupled limit-cycle oscillators
operate independently, each sustaining a stable limit-cycle solution
with an arbitrary phase relationship relative to the others. Recall
that a stable limit-cycle is a closed, isolated periodic orbit, which
is the limit set for trajectories in a subset of the domain called
the basin of attraction. Consequently, when considered as a whole,
the uncoupled system does not possess a unique limit-cycle solu-
tion; the phase ambiguity among the oscillators implies that the
high-dimensional periodic orbit is not isolated. One way to describe
synchronization is as a state in which the joint system behaves as
a single high-dimensional oscillator. In this synchronized state, the
system exhibits a unique attracting limit-cycle solution, where all
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oscillators have identical periods and maintain a fixed, unambiguous
phase relationship.

Phase reduction greatly simplifies the analysis of limit-cycle
oscillators by describing their dynamics with a single phase (timing)
variable that evolves at a constant rate>>'”~*' [isostable (amplitude)
coordinates in directions transverse to the limit cycle, along with
phase and isostable response curves, allow for accurate yet sim-
ple dynamical descriptions of both weakly and strongly coupled
oscillators.””~* However, in the present manuscript, we will not con-
sider the so-called “augmented phase reduction” or isostable coor-
dinates]. Phase is defined away from the limit cycle via isochrons,
Poincaré sections foliating the basin of attraction with the property
that the asymptotic timing behavior of trajectories originating on
the same isochron are identical,”” or equivalently that the time it
takes for a trajectory to perform one full oscillation and return to the
same isochron is constant.”” Phase descriptions are especially suited
to study synchronization. Solutions of the equations governing the
evolution of the phase difference of the oscillators can accurately
reproduce the nonlinear bifurcation associated with the onset of
synchronization,>”’ allowing one to predict the existence and stabil-
ity of synchronized solutions, and to identify Arnold tongues,>"~"*
i.e., regions of mode-locking as a function of frequency difference
and coupling strength.

To illustrate these ideas in the deterministic setting, consider a
system of coupled oscillators, which has already been reduced to a
phase description: Kuramoto oscillators of the form

¥ =w+1+«Ksiny —x), W
Y = w4+ ksin(x — y),

; /
1 /
0 -
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where x and y are phase-like variables evolving on the torus: x,
y € [0,27). The oscillators become synchronized when their phase
difference is asymptotically constant. Therefore, we consider the
evolution of the phase difference, = y — x,

Y =1 — 2K sin(y), 2)

where 7 is the frequency difference of the oscillators. It is straightfor-
ward to show that when k > |t|/2, the oscillators synchronize with a
constant phase difference. Note that the synchronization boundary,
k = |t|/2,1s specified in terms of two parameters: coupling strength
k and frequency difference (detuning) r. Figure 1 displays the syn-
chronization region or Arnold tongue for Eq. (1), along with sample
trajectories in phase space.

The picture changes considerably in the presence of noise.
Noise precludes perfect periodicity; in contrast to the deterministic
case, stochastic oscillators do not admit periodic limit-cycle solu-
tions. In turn, the deterministic phase is no longer well-defined, and
isochrons with ideal asymptotic and return-time properties do not
exist for noisy systems. Consequently, it is natural to ask after the
properties of a given system of coupled stochastic oscillators: are
there certain characteristics which guarantee that the system behaves
“like a single stochastic oscillator,” and which lead to a universal
phase reduction description analogous to the deterministic case?

Many efforts have been made to study synchronization
phenomena for stochastic oscillators.””=*> Previous approaches
to quantifying synchronization have considered similarity in
the power spectra of the oscillations,” phase diffusion coeffi-
cients for the individual oscillators,”*** intraclass correlation,”
degree of coherence,” average frequency difference,”” and effective

FIG. 1. Synchronization behavior for the deterministic Kuramoto system (1) with @ = 2 and = = 0.5. Bottom row: time series with « = 0.09 (left) and a histogram of bin
counts as a probability distribution (right). The system is not synchronized and trajectories (starting from ¢ = 10) fill the entire torus. Top row: time series with « = 0.26
(left) and a histogram of bin counts (right). The system is asymptotically synchronized and trajectories (starting from ¢ = 10) do not fill the entire torus. Right column: Arnold
tongue diagram depicting the parameter regime for which the system synchronizes (purple) and for which it does not synchronize (black).
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phase synchronization.”"* These approaches produce continuously
graded measures in the sense that, for stronger coupling, the oscil-
lators may be more coherent, or have more similar power spectra,
or have a smaller mean frequency difference. However, in general,
one does not expect to obtain identical statistical descriptors for
the coupled oscillators, even in the limit of strong coupling. Ide-
ally, one would search for a universal phase description of stochastic
oscillators in analogy to deterministic phase reduction.

The search for a rigorous notion of phase for stochastic oscilla-
tors remained an open question until two distinct formulations were
introduced. Schwabedal and Pikovsky introduced the mean-return-
time phase, which defines isochrons as Poincaré sections with a
mean return-time property, i.e., the average time for a trajectory
to perform one full oscillation and return to the same isochron is
a constant.”>*” On the other hand, Lindner and Thomas introduced
the notion of stochastic asymptotic phase as the complex argument
of the Q-function, the slowest decaying mode of the Kolmogorov
backward operator (also called the stochastic Koopman operator,
SKO).* In the deterministic case, isochrons formulated in terms of
the return-time property or the asymptotic behavior of trajectories
are equivalent; perhaps surprisingly, the stochastic generalizations
are not equivalent (see Ref. 49 for a precise relationship). In the
present paper, we will argue that the Q-function approach provides a
natural framework for formulating the problem of synchronization
of coupled stochastic oscillators.

It has been shown that the Q-function gives a universal descrip-
tion of stochastic oscillators, greatly simplifying their dynamics
and statistical properties.””' The Q-function is a nonlinear change
of coordinates; nonlinear stochastic oscillators behave linearly in
the mean upon being transformed into Q-function coordinates,
just as dynamical phase reduction gives a simplified dynamical
description of a deterministic oscillator.”” The relationship between
the Q-function and deterministic phase reduction was elucidated
in recent works, which highlight both the Q-function and the
deterministic phase function as an eigenfunction of the SKO and
the classical Koopman operator, respectively.”’”> Consequently, the
Q-function approach provides a notion of phase reduction for noisy
oscillators which is consistent with phase reduction in the determin-
istic case. Indeed, the Q-function approach introduces the “robustly
oscillatory” criteria as the defining properties of a stochastic oscilla-
tor, i.e., systems that are robustly oscillatory behave “like stochastic
oscillators” and only these systems admit a well-defined Q-phase
reduction.” In this work, we leverage a Q-function approach to
study systems of symmetrically coupled stochastic oscillators. For
clarity of exposition, we briefly sketch here the main results of our
work; mathematically, precise formulations and derivations may be
found in Sec. I11.

We consider systems of symmetrically coupled oscillators of
the form

dX = [f{(X) + tu; (X) + «h(X, Y)]dt + g1 (X)dW, (1),

(3)
dY = [f(Y) + tux(Y) + «h(Y, X)]dt + g (Y)dW, (1),
with related eigenvalue problem,
(_2’;* + L L+ xzj) Q% y) = Q" (x%Y), w

(Z+ 2+ 74 + k Z)PXY) = AP(XY),
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where £ is the SKO for the individual oscillator in x coordinates
(respectively, .f; for the individual oscillator in y coordinates), £
is the perturbation to the SKO of the joint system due to coupling
with strength «, and .Z" is the perturbation to the SKO of the
joint system due to detuning, regulated by the parameter t. That is,
|t| > 0 represents a perturbation to the underlying dynamics that
leads to a difference in the oscillators’ frequencies of oscillation.
The operators %, Z,, %, and .Z; are forward (Fokker-Planck)
operators, which are the formal adjoints of their respective SKO
counterparts (see Sec. I B for a more systematic description of these
operators).

In the case when (3) consists of identical oscillators (t = 0,
g1 = &), when « = 0, the SKO has repeated eigenvalues with lin-
early independent eigenfunctions. Nonzero coupling « # 0 gener-
ically perturbs these eigenvalues and eigenfunctions. In the case of
non-identical oscillators, when x = 0, the SKO has distinct eigen-
values with linearly independent eigenfunctions. However, in cases
where the non-identical oscillators have similar dynamics, for suf-
ficiently large «, we observe numerically that the coupling pulls the
eigenvalues together to form a repeated eigenvalue pair at a finite
coupling strength. Further increasing the coupling strength causes
the eigenvalues to split. In bifurcation theory, eigenvalue splitting
is often associated with qualitative changes in system behavior,
motivating the characterization of conditions under which splitting
occurs and its qualitative implications for the coupled system.

To that end, we define a splitting discriminant, &, in terms of
the perturbation parameters « and 7, the perturbations to the SKO,
Z and #!, and the unperturbed Q-functions and correspond-
ing forward eigenfunctions of (3), Q}.(x,y), Q’fy(x, ¥), Pix(x,y), and
p ly (X> Y)>

Dk,1) = \/trace(//l)2 — 4 det(.A), (5)

where the matrix .# is defined in the statement of our Theorem 3.

We prove that when Z(k,t) # 0, the repeated Q-function
eigenvalues of the identical system split to leading order. We
demonstrate that this eigenvalue splitting corresponds to qualita-
tive changes in the coupled system dynamics: a transition from two
distinct oscillating units to a single “robustly oscillatory” stochas-
tic oscillator. We also prove that the eigenvalue splitting entails a
qualitative change in the power spectra and cross-spectral density of
the coupled system in Q-function coordinates. In the special case
that Y(k, 1) # 0 is purely real, we prove that the power spectra
of the individual oscillators peak at identical frequencies, i.e., the
oscillators have identical frequencies in Q-function coordinates. In
contrast, commonly used statistical descriptors are not expected to
match exactly. These results motivate the following novel definition
of synchronization for stochastic oscillators:

Definition I.1: Symmetrically coupled oscillators of form (3)
exhibit Q-synchronization if the leading nontrivial complex con-
jugate eigenvalues of the SKO undergo a qualitative change, i.e.,
a repeated pair of eigenvalues is created or destroyed, as system
parameters are varied.

The synchronization behavior of deterministic oscillators is
often studied by constructing Arnold tongues, or synchronization
regimes, as a function of frequency difference and coupling strength.
In the case of symmetrically coupled stochastic oscillators of the
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form (3), we prove that under certain conditions, there exists a rela-
tionship «* = R(t*) for which the splitting discriminant vanishes,
D(R(t*), 1) = 0, and the repeated SKO eigenvalues do not split. In
such cases, we derive a closed-form expression for £ for any coupled
system of form (3). We call parameter values that satisfy k* = £(z*)
KT (kappa-tau) points and show that KT points give a leading-order
synchronization boundary in the 7-« plane that is analogous to a 1:1
mode-locking Arnold tongue for deterministic oscillators.

The manuscript is organized as follows. Section II provides
a detailed summary of the existing theory for Q-phase reduc-
tion. Section III establishes the main contributions of our work.
We first derive expressions governing the leading-order change of
eigenfunction-eigenvalue pairs of the SKO and Fokker-Planck oper-
ator. We apply this theory to derive general conditions under which
a qualitative change in the SKO spectrum occurs, which we relate
to synchronization. We prove that the onset of Q-synchronization is
accompanied by qualitative changes in the power spectra and cross-
spectral density of the oscillators. We also derive a leading-order
expression for Q-synchronization regimes which are analogous to
1:1 mode-locking Arnold tongues for deterministic oscillators. In
Sec. IV, we consider several examples, including a 2D system com-
prising two coupled noisy Kuramoto oscillators, a 4D system com-
prising two coupled planar Ornstein-Uhlenbeck processes, and a
nine-dimensional system of coupled 3D discrete-state oscillators.
Section V provides a discussion and directions for future work.

Il. BACKGROUND AND NOTATION
A. Phase reduction of deterministic oscillators

For the sake of completeness, we briefly review phase reduc-
tion for deterministic limit-cycle oscillators. Consider a smooth (&)
dynamical system

x = f(x), (6)

with x € R”, assumed to admit a T-periodic stable limit-cycle solu-
tion, y(t) = y(t+ T). Here and elsewhere, ' denotes a derivative
with respect to time unless otherwise specified. One may define a
phase function © (x(t)) = ¢(¢) € [0,27) on the limit cycle so that
the phase evolves at a constant rate

, 2w

¢=—71=0 @)
with @ being the frequency of oscillation. Note that the phase func-
tion, ®(x), is uniquely defined, up to an arbitrary phase offset. The
phase function may be extended to the basin of attraction of the limit
cycle via isochrons, level curves of the phase function.””»* Identifica-
tion of phase on vs near the periodic orbit exploits the asymptotic
convergence of trajectories to the stable limit cycle. Any initial con-
ditions x, and y, with corresponding trajectories x(¢) and y(t) that

satisfy
lim [1x(t) = ()] = 0 ®)

for any norm || - || have the same phase. Note that (7) holds every-
where in the basin of attraction, provided that

fx(®) - VO(x(¥) = o. &)

pubs.aip.org/aip/cha

The function VO (y (¢)) is called the (infinitesimal) phase response
curve and is often denoted as VO = Z.

B. Q-phase reduction

The deterministic asymptotic phase is not well-defined for
stochastic systems. Unlike the deterministic case, at long times an
ensemble of independent realizations will tend toward a unique
stationary distribution, so the long-time asymptotic behavior of
the trajectories can no longer distinguish between initial condi-
tions. Accordingly, Thomas and Lindner extended the notion of
the asymptotic phase to stochastic systems by considering the
evolution of the density describing an ensemble of trajectories,
rather than a single trajectory.”® Here, we briefly summarize pre-
viously established theory for the Q-phase reduction of stochastic
oscillators. !

1. Operator definitions

Consider a Langevin equation’ of the form
dX = £f(X)dt + g(X)dW (D), (10)

with X(#) being a stochastic process taking values in R”, f: R”"
— R" a smooth (&%) vector field, g an n X m matrix with smooth
(€*) entries such that gg” is nonsingular, and dW(¢) an m x 1 vec-
tor of independent increments of a Wiener process. We interpret
(10) in the sense of It6. The conditional density

1
= Pr{X(®) € [y, y + dy] | X(s) = x} (11)

oy, tIx5) =
Y |dy]

for times ¢ > s satisfies the forward equation

)
5P =Ll = Zay, [fip] + - Z s ilsg' i) (12)

and the backward equation

9
- —p=L"pl= Zfax,[p

P Z[gg oo}, (13)

with 1 <i,j < n. We discuss boundary conditions’ for the forward
and backward equations (12) and (13) on a case-by-case basis for
specific examples later in this manuscrlpt

The backward operator ", also known as the infinitesimal
generator of the Markov process, or equivalently the stochastic
Koopman operator (SKO), describes how observables evolve for-
ward in time, in the mean. It acts on smooth functions, g, which
are bounded on compact sets, meaning that q € €*(Q2") N Ly, (Q")
for every compact subset Q2" C R”. The forward operator .Z, or Per-
ron-Frobenius operator, specifies how probability densities evolve
forward in time. It acts on smooth, integrable functions, specifically
%*(R™) N L, (R"). Note that (under an appropriate choice of bound-
ary conditions) .Zand .#" are adjoint to one another with respect to
the standard inner product on R".
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2. Single-oscillator assumptions

We restrict attention to systems for which the forward and
backward operators have a discrete set of eigenvalues (with no accu-
mulation point at zero) with a bi-orthonormal set of eigenfunctions,

AP =P, L'[Q] =1Q,
(14)
(Qu,Py) = / dx Q{ ()P (X) = 8,1,

and for which the Fredholm alternative holds for both .% and .#".
Under these assumptions, the conditional probability density of (10)
may be expressed as a linear combination of the eigenmodes,

Py tI%5) =P+ Y &P ()QX). (15)
A#£0

Here, P, is the stationary distribution corresponding to 1y = 0,
which we assume to be unique (dim ker £ = 1). We further assume
that the system satisfies the robustly oscillatory criteria, i.e., that
Assumptions II.1 (robustly oscillatory criteria): 1. (Stability)
All eigenvalues apart from the stationary eigenvalue, A, have
negative real parts;

2. (Oscillation) the first nontrivial eigenvalue, A1 = u + iw, is a
unique complex-conjugate pair, with quality factor |w/u| > 1;
and

3. (Spectral gap) all other eigenvalues A’ have more negative real
parts, R[A'] < vN[xr;], where ] < v e R.

These conditions ensure that at intermediate-long times, the
dynamics of the density obey

Py, t]%5) — Py ~ 1P, (y)Q (¥) +cc., (16)

which implies that the dynamics are dominated by the slowest
decaying eigenfunctions. Of particular utility is the slowest decaying
complex-valued backward mode, the Q-function. One may extract
a well-defined phase for stochastic oscillators by considering the
complex argument of the Q-function

V(%) = arg Q}, (%), (17)

where we take arg(z) € [0,27) for complex z # 0. We call W the
stochastic asymptotic phase. More generally, the Q-function itself
represents a simplifying change of coordinates with advantages
analogous to classical phase reduction. Trajectories in Q-function
coordinates evolve linearly in the mean along trajectories X(f),”

%EX (@, X ()] = MEX[Q;, X ®)], (18)
where E* denotes expectation with respect to the law of the pro-
cess X(#) started with initial condition X(0) = x.°>°” Moreover, with
the convention that Q;l is normalized to have unit variance, i.e.,
(1Q;, (X(1)|*) = 1, exact expressions are available for the power
spectrum of Q5 (X(t)),

S = 2|p

Tro—o )

pubs.aip.org/aip/cha

and for the cross-spectrum between eigenfunctions Qj (X(#)) and
7, (X(t)) corresponding to different eigenvalues A, A,

1 1
Cua(v) = —(Q, Q) (m + Fegn iv) . (20)

The Q-function directly generalizes the notion of the determin-
istic phase. That is, in the case where a system of form (10) with
g(x) = 0 admits a stable limit-cycle solution of period T = 27 /w,
the stochastic asymptotic phase reduces to the classical determinis-
tic phase function. If ®(x) is the deterministic phase function, the
function Q* = ¢©®® is an eigenfunction of the backward operator
with eigenvalue A = iw.*

3. Coupled oscillator assumptions

Now consider a system of symmetrically coupled stochastic
oscillators of the form

dX = [£(X) + ru;(X) + ch(X, Y)]df + g (X)dW, (1),
dY = [f(Y) + tuy(Y) + ch(Y, X)]dt + g, (Y)dW, (1),

(8]
—_
~

where X(f) and Y(#) are stochastic processes taking values in R”,
f,u; : R" — R" are smooth (4?) vector fields, g are nonsingular
n x m matrices with smooth (&%) entries, and the components of
the dW;(#) are increments of independent Weiner processes. The
function h : R” x R” — R" is a smooth (€>) vector field describing
the coupling between the oscillators. We interpret (21) in the sense
of Itd. Unless stated otherwise below, we assume throughout that
the individual isolated oscillators (« = 0) satisfy the robustly oscilla-
tory criteria I1.1. We further assume the following coupled oscillator
criteria:
Assumptions I1.2 (coupled oscillator criteria):
e Whenk =7 =0,

e cach individual unperturbed oscillator satisfies the robustly
oscillatory criteria 1.1,

o the forward and backward operators of the isolated oscilla-
tors and the joint system have a discrete eigenvalue spec-
trum (with no accumulation point at zero), and a complete
bi-orthonormal set of eigenfunctions, and

o the Fredholm alternative holds for both the forward and
backward operators of the joint system.

e There exist open sets % .7 C R containing 0, where for all
(k,7) € H'x T,

e the joint system admits a unique stationary distribution
Py(x,y; &, T), which corresponds to the unique zero eigen-
value of its forward operator,

o the stationary distribution, when written as Py(x,y; €k, £7),
has ¢ dependence on &, under the re-parameterization
(k,T) — (ek,e7), for |¢] < 1,and

e all other forward and backward eigenfunctions and cor-
responding eigenvalues are also %' in ¢ under the same
re-parameterization (k,t) — (gk,et) for |¢] < 1.

In isolation (k = 0), each individual oscillator admits its own
eigenfunction expansion and has its own Q-function and cor-
responding forward eigenfunction. However, the 2n-dimensional
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system (21) also has an eigenfunction expansion. It is straightfor-
ward to show that when x = 0, eigenfunctions of system (21) may be
written as products of eigenfunctions of the isolated oscillators. The
corresponding eigenvalues are the sums of the eigenvalues of the iso-
lated oscillators. Because the backward eigenfunction Qf = 1 with
eigenvalue Ay = 0 is always an eigenpair of a robustly oscillatory
system, the individual Q-functions and eigenvalues are also eigen-
functions of the 2n-dimensional system (21) when « = 0. Formally,
these eigenfunctions are functions of both X and Y; practically, they
depend on only their respective coordinates. As a consequence, (21)
may not satisfy the robustly oscillatory criteria (lack of a spectra gap)
when k = 0. As a function of «, one generically expects that (21)
admits a family of eigenvalues and eigenfunctions perturbed from
their k = 0 counterparts. Such eigenfunctions may depend on both
X and Y non-trivially. In the following, when we speak of the Q func-
tions (plural), we refer to the eigenfunctions of the 2xn-dimensional
coupled system as a function of both variables, as opposed to the
Q functions of the isolated oscillators in only one variable, unless
otherwise specified.

We remark that the small parameters ¥ and 7 are analo-
gous to coupling strength and frequency difference parameters for
Arnold tongues for deterministic oscillators. In Sec. 111, our Corollary
3.2 describes how to analytically construct similar regions in the
two-parameter plane for stochastic oscillators.

4. The Fredholm alternative

In Sec. 11, we use the Fredholm alternative for differential
operators, which we state below without proof for the purpose of
a self-contained manuscript. Let the operators L and LT, along with
specific boundary conditions, be adjoint with respect to some inner
product (-, ), i.e., (Lu,v) = (u, L Tv) for all u and v. See Sec. 4.3.5 in
Ref. 58 for more details.

Theorem 1: (The Fredholm alternative) For the differential
operator L

1. The solution of Lu = f is unique if and only if Lu = 0 has only the
trivial solution u = 0.

2. The solution of Lu = f exists if and only if (f,v) = 0 for all v for
which LTv = 0.

In what follows, we take LT to be the operator adjoint to L
with respect to the inner product as defined in Eq. (14). Practically,
the Fredholm alternative implies that the inhomogenous equation
Lu = fhas a solution if and only if the function fis orthogonal to the
span of the nullspace of the adjoint operator, L. In the following,
we refer to this “orthogonality constraint” as a solvability criterion
for Lu = f.

5. Notation

We denote the Q-functions and corresponding forward eigen-
functions for the x and y isolated oscillators as Qj(x), P;(x) and
Q; (y), Pi(y), respectively. We denote the Q-functions and corre-
sponding forward eigenfunctions of the joint identical system (21)

pubs.aip.org/aip/cha

(k =0,7=0,8 =g)as
LY = Q) 1(y),
Pi(x,y) = Pi(x)Po(y),
Q,xy) = Q(1M,
Py (x,y) = Pi(y)Po(x),

(22)

where 1(z) = 1 is the constant unit function for any input z € R”,
and Py(z) is understood to represent the stationary distribution of
an individual oscillator. The eigenvalues associated with these eigen-
functions are denoted A, and have algebraic multiplicity 2 because
each oscillator is identical when unperturbed. We use calligraphic
typesetting 2 (x,y) and 2L (x,y) to denote the true eigenfunctions
of (21) when at least one of «, 7 is nonzero. We denote the cor-
responding eigenvalues Ay (k,T) = 4 + iwy. The £ subscript is
meant to indicate the splitting of the eigenvalues under perturbation,
as we will show in our Theorem 3.

I1l. RESULTS

In Secs. IIT A-TII D, we study the relation between the eigen-
functions and eigenvalues of the jointly perturbed (k,t # 0) and
unperturbed (k = v = 0) system (21). In Sec. IIT A, we study the dis-
tortion of the stationary distribution, while in Sec. I1I B, we study the
distortion of the Q-function and corresponding eigenvalues. Then,
we relate qualitative changes in the Q-function eigenvalues to qual-
itative changes in the power spectra and cross-spectral density in
Sec. 111 C. These results motivate a novel definition of synchroniza-
tion, which we discuss in Sec. 111 D. We apply our theory to several
examples in Sec. I'V.

A. Perturbation of the stationary distribution

Generically, one expects that a nonzero perturbation «,7 # 0
will distort the unperturbed stationary distribution of (21). To that
end, we seek a description of the stationary distribution of (21) to
leading order in both « and t. The stationary distribution is the
eigenfunction, & (X,y;k, T), corresponding to eigenvalue, Ay = 0,
of the Fokker-Planck equation. The stationary distributions of the
isolated oscillators satisfy

ZPy(x) =0,

(23)
%Po (y) =0.

The stationary distribution of the jointly coupled system satisfies
(L+ L+ 1.4 + kL) Py y56,T) = 0. (24)

The following lemma describes the leading-order form of the sta-
tionary distribution, &, (x,y;k, t), under simultaneous perturba-
tions in both x and 7.

Lemma 2: Assume the coupled oscillator criteria IL2 hold
for a system of symmetrically coupled oscillators of the form (21).
Then, for fixed (k,T) € K x 7, under the re-parameterization (k, T)
— (ek,eT), there exists a unique function, P.(X,y;k,t), which
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satisfies
(Zi+ L) Z.xy:k,7) = — (T2 + . Z0) [Po®)Po(Y)],

(25)
/ dxdy Z.(x,y;k,7) = 0.
R2n

Moreover, the stationary distribution under the re-parameterization,
Po(X,Y; €k, €T), of (21) is given to leading order € by
Po(X,y;eK,6T) = Py(X)Py(y) + € Z:(X, V54, T) + ﬁ(sz). (26)

Proof. Note that when ¥ = 7 = 0, it is clear that Z(x,y;«, T)
= Py(x)Py(y). Now, for fixed (k,7) € #x 7, consider the re-
parameterization (k,7) — (ek,e7) for |¢| < 1. By assumption, the
stationary distribution has an expansion of the form

Py(%,y;6K,6T) = Po(x)Po(y) + £ 2%, y3 6, T) + O(€?).  (27)
Then, the forward equation (24) may be expressed in terms of ¢,
(Z+ 2+ 612, + e L) (Po(X)Po(y) + £ Ze(X, 13, T))
+ 0(¢*) = 0. (28)
To first order in &, we obtain
(Lt L) P xy5K,7) = —(TZ; + £ Z)[Po(®)Po(y)].  (29)

By the assumption of a unique stationary distribution, Eq. (29) is
guaranteed to have a solution. However, we remark that the first-
order correction, Z.(x,y; k, T), need not be unique, as any solution
of the form Z(x,y) = Z.(x,y;«,T) + kPy(x)Py(y) for k € R also
satisfies (29). To establish uniqueness, we impose the condition

Z(xy:6,7) L Qu(x)Q(y) (30)

or rather
/ dxdy Z.(x,y;k,7) =0, (31)
]RZn

which follows immediately from the normalization of the stationary
distribution. We claim that together, the two conditions

(L + L) P xy) = — (L + kL) [Po()Po(y)],
(32)
/ dxdy Z(x,y) =0
R2n

uniquely specify Z(x,y) = Z.(X,y;&, 1), ie., that k = 0. Indeed,
note that

0= // dxdy Z(x,y)
R2n

= //2 dxdy Z.(x,y;k,T) 4 kPo(X)Py(y)
R n

= / dxdy Z.(x,y;k,7) + k// dxdy Py(x)Py(y)
R2n R2n

=0+ k// dxdy Py(x)Py(y) = k. (33)
R2n

Thus, the arbitrary degree of freedom arising from the
nullspace of Z; 4 %7, is fixed by (31); the solution to (32) is
unique. ]

We remark that any nonzero scalar multiple of an eigenfunc-
tion is still an eigenfunction. Note that the normalization of the
unperturbed stationary distribution (21), Py(x)Py(y), determines
the normalization of Z.(x,y;k,T) by virtue of (29). Moreover,
note that to leading order, the perturbed stationary distribution
(under re-parameterization) of (21), &y (x,y; ek, £T), integrates to
unity by virtue of (31). Consequently, the first-order correction,
Z.(x,y;k,T), maintains normalization of the stationary distribu-
tion of the jointly coupled system. Similarly, the backward eigen-
function corresponding to the zero eigenvalue is identically equal
to unity, whether we consider a single oscillator, a system of two or
more oscillators, whether identical or not and whether coupled or
not. Thus, the first-order correction to the backward eigenfunction
for the zero eigenvalue is identically zero.

Appendix A provides an example computation for the leading-
order correction to a stationary distribution.

B. Perturbation of the Q-functions

Generically, one expects that nonzero perturbation «,7 # 0
will distort the unperturbed Q-functions of (21). We therefore seek
a description of the Q-function to leading order in both « and
7. Note that because the oscillators are identical when x =t =0,
the eigenvalue corresponding to these eigenfunctions is repeated
with algebraic multiplicity two. The geometric multiplicity of the
eigenvalue is also two, because each oscillator contributes a lin-
early independent eigenfunction. The Q-functions of the isolated
oscillators satisfy

LI x) = MQF (%),

: (34)
Z,Q ) =1Q .

Because there are two Q-functions when x = 7 = 0, generically
one expects perturbed versions of both when «, v # 0. We denote
the perturbed Q-functions of the joint system as 2. (x,y;k,7)
and 2_(x,y;«, 1), with corresponding eigenvalues A («x,7) and
A_(k, 1). These eigenfunctions satisfy

(.Zj + 2 +1 L+ K.Z:) 2L Xy 6, T) = Ay (6, T) 2L (X Y56, T),
(35)
(2 + 2+ o2+ 2]) 2y m) = 1. DL oy, D),

Analogous statements hold for the corresponding isolated forward
eigenfunctions of the Fokker-Planck operator, P;(x) and P;(y),
along with the perturbed forward eigenfunctions of the joint sys-
tem, Z,(x,v;k,7) and Z_(X,y;k, 7). Recall that we denote the
Q-functions and corresponding forward eigenfunctions of the
unperturbed (k =1 =0) joint system as Qj.(XY), Q’fy(x, Y)s
P1.(x,y), and Py, (x,y) [see the notation established in (22)].

Theorem 3:  Assume the coupled oscillator criteria I1.2 hold for
a system of symmetrically coupled oscillators of form (21). Define the
2 x 2 complex-valued matrix as
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[ dxdy P, (x,y) [r.i”: + Ki”,f] Qi(x,y) // dxdy P (x,y) [t.,i”: + K.,i”:] HEY)
R2n R2n

M, T) =

//2 dxdy Py, (x,y) [1’,2”: —|—K.§ff] (X Y) /fz dxdy Py, (x,y) [‘L'.,i”: +K,§f:] Qi,(xy)
Ren R2n

pubs.aip.org/aip/cha

(36)

Then, for any fixed («,t) € & x T for which .4 is diagonalizable with eigenpairs (A4 (k,7),v4+(k,T)), there exist unique™ functions

2. (X, y;k,7) and 2._(X,Y; k, T) that satisfy

(4 +2 =) Zhysnn ) = = (28] + 62 = e (6,0) (04 (6T QLY + (1466, D), Q) k1) )

(37)

(zj +. 2 - Al) P xyik,7T) = — (L kL — (k7)) ((v, (60, QL) + (-6, 7)), Q] (x, y)) ,

where the functions 27, (x,y; k, T) satisfy the orthogonality conditions,

QZ_(X) Yi K, 7:) L P1x(X»Y), P1y(X»Y),
2% (%y:4,7) L Pii(x,7), Py(x,y).

(38)

The notation (v4(x,7)); is understood as the jth element of the vector vo.(k,T) for j = 1,2. Under the re-parameterization (k,t) — (ek,€7),
the Q-functions and eigenvalues of the joint system (21) are given to leading order in & by

2% yseh,6T) = (v (6,0)), QL (0 Y) + (V4 (6, 1)), Q) (% Y) + €25, (X y5 10, 7) + O(67),

2" (x,y;¢k,6T) = (v_(k,7)),Q}, (% y) + (v_(k, 1)), ’l‘y(x,y) +e2 (xy:k,7) + 6’(52),

(39)

Ai(en,eT) = Ay + ehey (k,T) + O(€7),

A_(ex,eT) = Ay + ehe_(k,T) + O(%).

Proof. Fix (k,7) € £ x 7, and consider the re-parameteriza-
tion (k,t) — (ek,et) for |¢| < 1. By assumption, an expansion of
the form

2 (xysex,e7) = QL (xY) + Q) (xy) + eZ (X ;. T)

+ 0(¢?),
(40)
Mek,eT) = Ay + €A + O(€7)

is guaranteed to exist. Here, ¢, ¢;, and A, are unknown constants

(possibly depending on « and 1) to be determined in the following.
Insertion of the ansatz (40) into the backward equation

(,ZJ + Ef; +et ) + 8/@.2”:) 2" (X,y; 6K, €T)

— AMek, 1) 2" (X, y;6K,6T) =0 (41)

[
gives, to first order in &,
(i’;* +.42 - Al) 21X, ;4,T)
=~ (e + 1 =) [aQuxy) +aQ ]| @2)

Note that the nullspace of the adjoint of £ + .,?yT — X1 is spanned
by the forward eigenfunctions of the respective oscillators, Py, (x,y)
and Py,(x,y). The Fredholm alternative (Theorem 1) establishes
solvability criteria,

— (t 2 12l —00) [aQLY) + 6Q & Y] L Py,
(43)
— (2] + 12 =2 [0 Q) + 6Q, ] L Pyxy),

Written explicitly, and using the biorthogonality of the eigenfunc-
tions, one has that

ClAe = //2 dxdy Py,(x,y) (rf;r + lci”:) [le’l‘x(x,y) + czQ’l‘y(x,y)] ,
R n

(44)

b = / / dxdy Py (xy) (r.2] +.2]) [lefx(x,y) +6Q),x y)],
R n
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which can be expressed as a linear system

C

or rather, by the definition of .#,

Mk, ) [2] = A [g] : (46)

Note that (45) determines the values of X, ¢;, and ¢,. By
assumption, ./ is diagonalizable. Consequently, .# has eigenpairs
(Aex (6, 7), vi (i, T)). The eigenvalues A . («, T) are the leading order
corrections to the unperturbed Q-function eigenvalues, and the
entries of the eigenvectors vy (k,T) correspond to the weights of
the unperturbed Q-functions. The existence of these eigenvalues and
eigenfunctions guarantees that (42) has a solution.

However, we remark that the leading-order corrections
Q:Jr (x,y;k,7) and 2:7 (x,y; k, T) need not be unique, as any solu-
tion of the form 2*(x,y) = 2, (x,v;«,7) + ki QL (xy) + sz*l‘y
(x,y) for ki, k, € C also satisfies (42) [and similarly for 2 (x,y;
k,7)]. We establish the uniqueness of QZ‘ (X YK, T); the argument
for 27 (x,y;«,7) is analogous. To establish uniqueness, we impose
the conditions

g;.("; VALY 7:) L P1x(X,Y)> Q;(X,Y;K, T) 1 Ply(xay) (47)

or rather

// dxdy QH(X,Y;K, r)Plx(x) Y) = 0’
Rn

(48)
/ dxdy 2., (%, v;«, T)P1,(x,y) = 0.
]:Rn
We claim that together, the conditions
(.,2”;‘ +.42 - )»1) 2*(x,y)
=~ (e + 2] =) [aQxy) + Q& )],
/ , dxdy 2" (xy)Pix(x.y) = 0, (49)
R n

//2 dxdy 27 (x,y)Py,(x,y) =0
R n

pubs.aip.org/aip/cha

/ dxdy Py,(x,y) [rofj + K‘,?f] QL. xy) /:/ dxdy Py, (x,y) [102”: + K.,‘Zf] Q,xy)
)\‘c |:C1] _ R2n R2n |:C1] : (45)

//2 dxdy P, (x,y) [t + .27 QL. (xy) //2 dxdy Py, (x,y) [1.4] +«.2}]| Q},(x,y)
R4 R2n

uniquely specify 2*(x,y) = Q:+(x,y;x,r), ie., that k; =k, = 0.
Indeed, note that

0= / /R dxdy 2 yPusy)
_ / fR dxdy 27, (i, TP )
+h / /}R dxdy Q,(x.Y)Pu(x.y)
+k; / /ﬂ;{ . dxdy Q;,(x,y)P1:(x,y)

—0+k f f dxdy Q6 Y)Pr(xy) +0= ki (50)
RZn

Consideration of the second constraint [, dxdy 2*(x,y)Py,(x,y)
= 0 shows that k, = 0. One concludes that the arbitrary degrees of
freedom arising from the nullspace of .21 + .Z; — A are fixed by
(48); the solution to (49) is unique. O

Note that the normalization of the unperturbed Q-functions
of (21) determine the normalization of the first-order update
27(x,y;k,7) by virtue of (42). In this manuscript, we enforce
the condition that the Q-functions have unit variance, which
uniquely specifies their magnitude.”’ However, the unperturbed
Q-functions are only defined up to a complex rotation, i.e.,

* (x,y)e® and Q*l‘y(x, y)e' are still Q-functions of the unperturbed
system (21) forany &, E € [0, 2). Therefore, the results of Theorem
3 should be interpreted in the following sense: the first-order update
27 (x,y; k, T) is unique given a fixed a priori choice of £ and E. That
is, the leading-order update, 2 (x,y;«, T), is unique up to rotation
in the complex plane and is determined by the choice of rotation
of the unperturbed Q-functions. We remark that this ambiguity in
the “phase” of the Q-function is directly analogous to the ambiguity
of the asymptotic phase function ©(x) of a classical oscillator (6),
which is only defined up to a constant phase shift. We discuss this
issue further in Sec. I11 C.

The following corollary shows that in the case of identical sym-
metrically coupled oscillators [t = 0in (21)], the results of Theorem
3 take on a particularly simple form. In particular, exact expres-
sions are available for the leading-order correction to the eigenval-
ues. Moreover, we show that the eigenfunctions of the perturbed
system are related to the sum and difference of the unperturbed
eigenfunctions.

Corollary 3.1:  Assume the coupled oscillator criteria I1.2 hold
for a system of identical symmetrically coupled oscillators of the form
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(21) (with T = 0). Define

o= // dxdy Py.(x,y) (OZ”:QTx(x,y)),
R2n

(51)
p= f f dxdy P(oy) (£/Q;,x ).
R2n
By virtue of the assumed symmetry, we now have
_ |« B
i -

There are two cases:

1. (No splitting) Suppose B = 0, Then, for all k € %, there exist con-
stants Acy and A, and unique functions 2.4 (x,y) and 2._(x,y)
that satisfy

(-i/’;r + =Z;T - )‘-1) QL(X»Y) = - (Zj - )‘c+) QTx(X:Y)»

(,,2”: + 02”;' — Al) 2" (xy) = — (‘Z: — ) Q,xY),

(53)
A =@,
Aee = @,
along with orthogonality conditions
2 (x%y) L Pi(xy), Py(x),
+ (XY (X ¥), Fry(X Y (54)

9:_(3(,}’) J— P1x(X,Y), Ply(X)y)'

The Q-functions and eigenvalues of the joint system (21) are given
to first order in k by

Q(xy) = QL% y) + k2, (xy) + O(%),
Q (%) = Qxy) + €2 (xy) + O(?),
Ay =M +khey + O(k?),

Ao= M+ Khee + O(c?).

(55)

2. (Splitting) Suppose B # 0. Then, for all k € JZ; there exist con-
stants Ay and A._, and unique functions 2%, (x,y) and 2;_(x,y)

pubs.aip.org/aip/cha

that satisfy
(“2'?T +4 - M) 2, (xy)
= — (£ =) (e + Q).
(£ +2 -n) 2y

= — (L - %) (QTx(X»Y) - Q’fy(x,y)),

(56)
rep =a+ B,
Ao = — ﬂ’
along with the orthogonality conditions
2, (xy) L Pi(xy), Py (x,y),
+ XY (% Y), Fy Xy (57)

27 (x%y) L Pr(xy), P, (x,y).

The Q-functions and eigenvalues of the joint system (21) are given
to first order in k by

ZL(xy) = QL (xy) + Q,(xy) + k25, (xy) + O(k?),
2" (xy) = Qi (xy) — Q,(xy) +kZ_(xy) + O(x?),
Ay =M+ kAo + O(k?),

Ao =M+ ke + O(c?).

(58)

We remark that, when g = 0, the unperturbed eigenfunctions
of the joint system are the eigenfunctions of the isolated oscilla-
tors. In this case, the Q-function eigenvalues do not split. However,
when B # 0, the unperturbed eigenfunctions of the joint system
are a particular linear combination (the sum and difference) of the
eigenfunctions of the isolated oscillators. In this case, the Q-function
eigenvalues do split. We highlight this distinction by underlining the
unperturbed eigenfunction terms in Eqs. (55) and (58).

Proof. We follow the proof of Theorem 3 to the derivation of
the matrix equation involving .#, which, because T = 0, reduces to
the form

J[ axty ity (Zlaiy) [[ | axty Puey (20 mm)
R2n R2n

M=k

(59)

J[ sty oy (Zanw) [ axdypcon (2iQ00)

Notice that the top row of .# is given by [ B]. We now explicitly verify that the bottom row is given by [B «], which follows from the
assumption of symmetric coupling. Writing out the backward coupling operator, one sees that

L2 (xy) =h(xy) - V.Q,(xy) +h(y.x) - V,Q(xy) = h(xy) - V.Q..(x.y),

(60)

L2 xy) =hxy) - ViQ),xy) +hy %) - V,Q),(xy) = h(y,% - V,Q},(xy),
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where we recall the definitions of the unperturbed Q-functions of the
joint system (22). Then, because the oscillators are identical and have
the same forward and backward eigenfunctions in their respective
variables, one sees that

o= //2 dxdy Py, (x,y) (.,?f:Q’l‘x(x, y))
R n
-/ /R dxdy Py(xy) (£]Q),@y).

B = dxdy Pi.(x,y) (£ Q},(xy)
]RZn Y

(61)

= / / dxdy Py,(x,y) (£ Q,(x.y)) .
]RZn

Therefore, the matrix Eq. (59) reduces to the system

a Blla c
<3 eJe]-~[e) <62>

Case 1: Suppose that 8 = 0, then ./ has two eigenvectors,
her vy = My,

63
MV = Mv_, (63)

where v, = [1 0] and v_ = [O 1] and A., = ko and A._ = ka.
Notice that, in this case, ./ is a multiple of the identity matrix, and
so any nonzero vector is an eigenvector. Here, we choose v, from a
family of possible linear combinations of vectors when g = 0. How-
ever, when 8 # 0, we will see that the eigenvectors v, are specified
as a particular linear combination of vectors.

Case 2: Suppose that 8 # 0. Then, ./ has two eigenvectors,

AepVy = My,

64
AV = Mv_, (64

where v, =[1 1] and v =[1 —1] and Ay = k(e + B) and
A = k(o — B).

To conclude, we remark that the uniqueness of the leading-
order correction to the eigenfunctions follows from the proof of
Theorem 3. O

The fact that the perturbed Q-functions of the joint system of
identical coupled oscillators go as the sum and difference of the
unperturbed Q-functions bears some remark. To gain physical intu-
ition, consider two ideal mass-spring systems with equal length and
mass that are coupled with a spring

mx’ + mawpx = —k(x — y),
/" 2 (65)
my" + mawgy = —k(y — x)

for constants m, wp, and k. Let g = y + x and p = y — x. Then,
mq" + mwiq =0,
(66)
mp" + (may + 2k) p = 0.

The resulting equations both describe the motion of ideal harmonic
oscillators, but have different physical interpretations. The dynam-
ics of g may be interpreted as the movement of the center of mass

pubs.aip.org/aip/cha

of the system. If the two masses were initially displaced the same
distance in the same direction, we would have p = 0. In this situa-
tion, the two masses oscillate as one unit, i.e., the distance between
them stays the same. On the other hand, the dynamics of p cap-
ture anti-phase oscillations. In a situation where the two masses are
initially displaced in equal but opposite directions, we would have
q = 0. The two masses again oscillate as one unit, but swing in oppo-
site directions. These two solutions are sometimes referred to as the
system’s normal modes, and linear combinations of these solutions
can describe dynamics with non-symmetric initial conditions. See
Sec. 1.12 of Ref. 60 for a detailed analysis of coupled pendulums.

We interpret the structure of the perturbed Q-functions of the
identical joint system as normal modes for coupled stochastic oscil-
lators and argue that this structure provides physical intuition for
“synchronization” in the case of stochastic oscillators. In the case
when t = 0 and 8 # 0, the observable ,@’jr (x,y) captures dynam-
ics analogous to the “center of mass” mode, and 2" (x,y) captures
dynamics analogous to the “anti-phase mode.”

It is instructive to consider the form of the constants « and B.
Notice that

Z1Q;,(xy) = hxy)d,Q, (5 y) + h(y,08,Q;, (5 y)

T
B

The gradient of the unperturbed Q-function, Qj,(x,y), is analogous
to the (infinitesimal) phase response curve (iPRC) from classical
deterministic theory.”' Therefore, the integrals

p= [ axiy Pucy (210, 0xy)
_ * TTh(x, Y)
= //Rz dxdy P1.(x,y) (VQly(x,y)> [h(y, X)] ,
a= f f dxdy Pi.(xy) (L] Q}, (%))
R2n

_ " T [h(x,y)
= / /}R _ dxdy Pi(xy) (VQL(xY) [h(y)x)]

(68)

bear a strong resemblance to the deterministic interaction function
(or H function), an integral over the deterministic limit cycle of the
inner product of the iPRC with the perturbation. Interaction func-
tions play a critical role in determining the bifurcation associated
with the onset of synchronization in the deterministic setting; see,
for instance, Refs. 2, 3, and 29.

Theorem 3 gives the leading-order behavior in perturbations
k,7 of the Q-function eigenvalues, assuming that the perturba-
tions scale proportionally to each other. Generically, one expects the
repeated unperturbed eigenvalues to split. However, in certain cases,
the repeated eigenvalues are maintained under simultaneous pertur-
bation of x and t. The following Corollary establishes conditions
under which the repeated eigenvalue structure is maintained. This
result gives an analytic expression for the linear synchronization
boundary, i.e., the “tip” of an Arnold tongue, for coupled stochastic
oscillators (see Sec. IV D for a visual representation).
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Corollary 3.2:  Assume the coupled oscillator criteria I1.2 hold
for a system of symmetrically coupled oscillators of the form (21). Let

YTk, 1) = tra%(///). Define the splitting discriminant

D, T) = \/ trace (/)" — 4 det(M), (69)

pubs.aip.org/aip/cha

where .4 is the matrix from Theorem 3. Assume that

B = .//11‘@1 dxdy Py, (x,y) (.,?f Ty(x, y)) #0. (70)

Fix (k*,1*) € ' x Tsuch that

k' = R(r*) = +i|t¥|

Then, 2(R(t*),t*) = 0, and under the re-parameterization (k*,t*)
— (ex*,e1*), the SKO eigenvalues of (21) are repeated with algebraic
multiplicity 2 to leading order in ¢,

Ay (ek,eT) = h_(ek,eT) = A + X (", T5) + O(e).  (72)

Proof. By Theorem 3, the leading-order update to the eigenval-
ues is given by the eigenvalues of the matrix .. The eigenvalues of
M are the roots of the characteristic polynomial, which are

Mek, 7)) =Y(k,7) £ %.@(K,t). (73)

For ease of notation, define the constants & and 8 as in Corollary
3.1, and the constants a;, by, ¢;, and d; as

o = / / dxdy Ptey) (£1Q, ).
RYI

b, = / /R  dxdy Pr(xy) (ff Q% Y)) g

(74)
o= / f . dxdy Py(x,y) (L1Qxy),
R n
_ t Ay
di = //Rz dxdy Py, (x,y) (:2”, Qly(x,y)),
so that the matrix .#(«, 7) is expressed as
_|tar+ka Th kB
Mk, T) = |:1:c1 +xB tdi+ K(X] : (75)

We now show that ¢; = b; = 0. Recalling (21), we write u; for the
detuning perturbation of the vector field governing the ith oscillator.

o dxdy Prxy) [Z1Q1 00 - Pryoy) [£1Q0 00 y)])°

2B (71)

Note that

= //RZn dxdy Ply(x, y) [QZFQTX(x, Y)]
= [, dxty PiyPo a0 + w0 10)

= / / dxdy Py (y)Po(x) [w (0)3:{Q}(x)}] 1(y)
R2n

= (/ dy PI(Y)]]-(Y)> (/ dx Py(x) [ul(X)ax{QT(X)}D
R? R?
=0x ( / dx Py(x) [ul(x)ax{o’f(x)}]) =0, (76)
RYI
where the integral with respect to y vanishes due to the biorthogo-

nality of the eigenfunctions of the isolated oscillator in y. A similar
argument shows that b; = 0. Then, simple algebra shows that

Dk,7) = \/KZ(Z,B)Z + 72(d; — a1)’. (77)
By assumption, 8 # 0. Therefore, provided that
2
= R(r") = :|:i|r*|—(a12/3 b (78)

it follows that Z(k*, T*) = 0. Moreover, it is clear that the eigenval-
ues of the matrix .# are given by

hslie,T) = trace(///)zﬂ: Dk, 'E). (79)

Consequently,
Ma(c*, %) = M =T("1%), (80)
which completes the proof. |

We note that if the quantity (a; — d;) is purely imaginary, then
purely real perturbations x* and t* exist, which satisfy «* = &(t*).
Consequently, the splitting discriminant vanishes for physical (real)
perturbations when the action of .#] results in a purely imagi-
nary perturbation, i.e., influences only the frequency of the isolated
oscillators.

We remark that it may not always be possible to choose
parameters k*,t* % 0 such that Z(«*, v*) = 0. In such cases, an
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eigenvalue bifurcation in the sense of Q-synchronization (recall
Definition 1.1) does not occur to leading order in k and t. See
Appendix B for a specific example. However, in cases where such
parameter values do exist, Corollary 3.2 proved that the condi-
tion Z(k*, t*) = 0 determines a functional relationship between the
coupling strength and frequency parameter, k* = R(t*). We call
such parameter value pairs (k*, *) KT points. In Sec. IV, we find KT
points for three example systems and show that the corresponding
functional relationship determines a synchronization regime analo-
gous to 1:1 mode-locking Arnold tongues for coupled deterministic
oscillators.

Corollary 3.2 does not address the leading-order update to the
eigenfunctions. We find that in many cases, the geometric multi-
plicity of a repeated eigenvalue at a KT point is unity. Therefore,
a higher-order analysis may be necessary to elucidate the structure
of the perturbed eigenfunctions, which is beyond the scope of this

paper.

C. Power spectra and cross-spectral density

In this section, we establish that the splitting of the Q-function
eigenvalues determines the form of the cross spectra and cross-
spectral density of the oscillating units in Q-function coordinates.
The form of the power spectra and cross-spectral density becomes
particularly simple at the KT point. In the following, the KT point
is understood to exist at certain parameter values «* and 7*. We use
the language “above the KT point” to refer to parameter value pairs
(k,t*) for k > k* and “below the KT point” to refer to parameter
value pairs («, 7*) for k < k*. As we shall see below, it is natural to
view parameter combinations above the KT point as being within
the synchronization region, and parameter combinations below the
KT point as being outside the synchronization region.

Recall that in Q-function coordinates, the power spectrum of
a stochastic oscillator is a Lorentzian whose exact form is given
in terms of the eigenvalues of the Q-function [cf. (19)]. Recall-
ing the discussion in Sec. ITB 3, a system of two robustly oscilla-
tory uncoupled stochastic oscillators has two Q-functions, Q},.(x,y)
and Q,(x y) (one contribution from each oscillator). As the cou-
pling strength is increased, these eigenfunctions become 27 (x,y)
and 2" (x,y), respectively. Their corresponding eigenvalues,
Ay =y +iwy and A_ = pu_ +iw_, are generically perturbed
from their k = 0 counterpart A; (repeated with algebraic multiplic-
ity 2). Even when « # 0, the power spectrum, in the coordinates of
each respective Q-function, is still a pure Lorentzian,

2|py | _ 2[p-|

S =— S =
O ey T T e

(81)

We now discuss the shape of the power spectra in the spe-
cial case that a system of coupled stochastic oscillators admits a KT
point. At the KT point, the eigenvalues are identical with . = pu_
and w; = w_. Consequently, the power spectra of the two oscil-
lators become identical. In the important case that the splitting
discriminant Z(k, t) # 0 is purely real, above the KT point, the real
parts of the eigenvalues are distinct (14 7 @), but the imaginary
parts are identical (w; = w_). Accordingly, both power spectra peak
at the same frequency. In contrast, in the original coordinates, the
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power spectra of each oscillator have peaks, which generically only
asymptotically approach each other as coupling strength increases.

Below the KT point, we make no assumptions about the form
of the Q-function eigenvalues, save that they are non-identical. In
the case of two weakly coupled robustly oscillatory stochastic oscil-
lators, one generically expects that the joint system is not robustly
oscillatory. Consequently, each oscillator has a prominently peaked
power spectrum. That is, the system behaves as two distinct stochas-
tic oscillators. As the coupling increases, the power spectra “collide”
and become identical at the KT point. Above the bifurcation, the
coupled system is robustly oscillatory provided that Z(«, ) # 0 is
not purely imaginary, i.e., there is a unique low-lying eigenmode
that dominates system dynamics at intermediate-long times. Only
one of the two power spectra remains prominent, analogous to the
center-of-mass mode of a coupled harmonic oscillator system (65).
The other flattens and becomes less prominent because the corre-
sponding Q-function becomes a high-order mode, analogous to the
anti-phase mode of a harmonic oscillator system. We show examples
of power spectra for several concrete model systems in Sec. IV C.

The cross spectra between two eigenfunctions, 27 and 27, is
given by”’

. 1 1

Si-(v)=—(2,2) ()Ur—iv + m) . (82)
Before analyzing the behavior of (82), we consider the quantity
(27 2_). Recall that the backward eigenfunctions are normalized
so that they have unit variance. Consequently, at the KT point, the
eigenfunctions are identical, but only up to a rotation (cf. the dis-
cussion of phase ambiguity following the proof of Theorem 3). If
one disregards the rotational ambiguity, the quantity (2% 2_) will
in general be complex, even at the KT point. To that end, without
loss of generality, we make the gauge transformation, 2* — 2* ¢,
where

—i og [fgon dxdy 27 (x,7) 2_ (%, y)Py(x,Y)
2 ff]RZn dXdY DQ+(X) Y)Qi (X) Y)PO(X, Y) '
We choose the branch of the logarithm in such a way that

a € [0,27). At the KT point, one has 2_ e =29, by construction,
and, thus,

(83)

o =

(gjg_em>:// dxdy |28 (xy)|* Poxy) = 1. (84)
R2n

For a detailed derivation of (83), please see Appendix C. That such
a normalization procedure is possible demonstrates that the eigen-
value dynamics, i.e., the Q-synchronization bifurcation, captures
the intrinsic behavior of the cross spectra of coupled stochastic
oscillators.

The gauge transformation (83) is analogous to the well known
ambiguity in the asymptotic phase of a deterministic oscillator,
which is only defined up to an additive constant. A common method
to eliminate this ambiguity when comparing several oscillators is to
fix the phase of one oscillator as a reference and relabel the phase of
the remaining oscillators in relation to the reference oscillator. Our
gauge transformation treats Qi as the “reference” and rotates the
remaining eigenfunction to eliminate the ambiguity in the stochastic
phase labels.
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Returning to the form of the cross spectra, we find that under
the gauge transformation (83), the shape of the cross-spectral den-
sity (82) is completely captured by the low-lying eigenvalues of the
SKO. There are a variety of possibilities, depending on the system
in question. For concreteness, here we consider the case when the
splitting discriminant Z(«, t) is real and nonzero. In this case, the
joint system has eigenvalues with identical real parts but nonidenti-
cal imaginary parts before the KT point, and nonidentical real parts
but identical imaginary parts after the KT point. Section I'V contains
specific examples of systems which exhibit this behavior. Let

) 1 1
T o
S, (v)=—(2.2 e~ + 85
- () (25 )<A+—iv A’:+iv> (85)
denote the cross-spectral density under the gauge transforma-
tion. Recall that A, = u, +iwy, A_ = u_ +iw_, and define
v* = 2EE2= We list several easily verifiable statements concerning

the behavior of the imaginary part of SI), (v):

o Below the KT point, Im(S") has a local extremum at v* and is
an even function about v*.

e Atthe KT point, ST is purely real and identical to the (common)
power spectrum, i.e., is the Lorentzian (81).

e Above the KT point, Im(S™) equals zero at v*, and is an odd
function about v*.

Consequently, the cross-spectral density undergoes a qualitative
change at the KT point.

D. Q-synchronization

The results of Sec. III B indicate that when the splitting dis-
criminant Z(k, t) # 0, a qualitative change in the eigenvalues of
the SKO corresponding to the Q-function occurs, i.e., the eigen-
values split at the KT point. The splitting eigenvalues also reflect a
qualitative change in the power spectra and cross-spectral density
in Q-function coordinates of the oscillators. These results motivate
the novel Definition I.1 of synchronization for coupled stochastic
oscillators as stated in the introduction:

“Symmetrically coupled oscillators of the form (21) exhibit
Q-synchronization if the leading nontrivial complex-conjugate
eigenvalues of the SKO undergo a qualitative change, i.e., a repeated
pair of eigenvalues is created or destroyed, as system parameters are
varied.”

For fixed 7, Q-synchronization means that the joint system acts
as a single high-dimensional oscillator (for sufficiently strong cou-
pling) provided that Z(«, T) is not purely imaginary. In the special
case of identical (r =0, g = g) symmetrically coupled oscilla-
tors, the Q-function eigenvalue of the joint uncoupled system is a
repeated eigenvalue. Consequently, when « = 0, the joint system
is not robustly oscillatory due to lack of a spectral gap, i.e., it can-
not be described as a single stochastic oscillator. However, when
k # 0, and the splitting discriminant Z(x, t) is not purely imagi-
nary, then the real parts of the Q-function eigenvalues split. There-
fore, the coupling introduces a spectral gap; there is a unique
dominant eigenmode and the joint system is considered robustly
oscillatory in the sense of Assumptions II.1.

In the special case that Z(x, 1) is purely real, the coupling
introduces a spectral gap while maintaining the identical mean
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frequencies of each oscillator [see Eq. (73)]. Such behavior is iden-
tical to the deterministic case, where any small amount of coupling
between identical symmetrically coupled oscillators is expected to
result in synchronization, i.e., a high-dimensional stable limit-cycle
solution where the constituents have identical periods.

In Sec. IV, we study three examples of symmetrically coupled
stochastic oscillators that exhibit Q-synchronization in the sense of
Definition I.1. For each system, we analytically compute a relation-
ship k* = R(t*) such that Z(R(t*), t*) = 0 and use this condition
to construct synchronization regimes analogous to deterministic 1:1
mode-locking regions (Arnold tongues).

IV. EXAMPLES
A. Model systems

Throughout this section, we apply our theory to three model
systems: a 4D linear model that consists of two coupled planar
Ornstein-Uhlenbeck processes, a stochastic version of the 2D cou-
pled Kuramoto model considered in the introduction (1), and a
9D discrete-state system comprising two coupled 3D discrete state
oscillatory subsystems. We remark that each of the continuous-state
models, in the absence of coupling, meets the “robustly oscilla-
tory” criteria outlined in Sec. II B. The discrete-state model does not
meet the robustly oscillatory criteria because its quality factor is less
than unity (see Sec. IV A 4). Nevertheless, as we have shown below,
our framework still elucidates the synchronization behavior of the
discrete-state system. Figure 2 shows sample trajectories, eigenvalue
spectra, and power spectra for each uncoupled system.

1. 4D linear model

Our first example is a system of two diffusively coupled, rotat-
ing Ornstein-Uhlenbeck processes,

X = =i+ (@ + )% + k(1 — x1) + V2DE(D),
X, = —(+ 1)x1 — 1% + k(2 — x2) + V2DE; (D),
Yy = =1y + oys + k(a1 — y1) + V2DE (D),
¥y = —wyr — s + (X2 — 1) + V2DE(8).

The parameter k > 0 characterizes the interaction strength of the
oscillators, D governs the noise intensity, T governs the frequency of
the first oscillator, and 1 governs the coherence of the oscillations.
Each oscillator is driven by independent delta-correlated Gaussian
white noise (&;(t),£;(s)) = (¢t — ). In all cases, we set n = 0.1,
® =2, and D = 0.1. Unless otherwise specified, all numerical sim-
ulations are performed with the Euler-Maruyama method®' with a
timestep of 0.002.

Letz = [x1, X2, )1, yz]T. Associated with the underlying stochas-
tic differential equations (SDEs) (86) is a forward equation

AP,.(2)] = APy(z) (87)
and a backward equation
LG @] =1Q @ (88)

defined on R*. As boundary condition requirements, we specify
that the forward eigenfunctions satisfy P, (z) € € (R*) N L;(R?),
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FIG. 2. Uncoupled stochastic oscillator models. For each model, we show sample trajectories (left column), eigenvalue spectra and (or) time series of the first component of
each oscillator (middle column), and power spectra of each oscillator (right column). Top row: 4D linear model with parameters = 0.1, w = 2, D = 0.1, and « = 0 with
7 = 0(dark green) and = 0.5 (light green). The left panel shows trajectories in the phase plane overlain with isochrons of the stochastic asymptotic phase function. Middle
row: 2D ring model with parameters w = 2, D = 0.1, and « = 0 with = 0 (black) and = = 0.5 (gray). The left panel depicts trajectories over a short time-period on the
torus T' = [0, 27r). Bottom row: 9D discrete-state model with parameters w = 1and « = 0, with = = 0 (pink) and = = 0.5 (light pink). The left panel depicts realizations
generated by the Gillespie algorithm.

and that limy—« Py (z) = 0. For any compact subset * C R*, the
backward eigenfunctions satisfy QF € *(R*) N Lo (2).

where the system evolves on the torus, x,y € [0,2). In all cases,
we set w = 2 and D = 0.1. Unless otherwise specified, all numerical
simulations are performed with the Euler-Maruyama method®' with

2. 2D ring model a timestep of 0.002.
. . . . Associated with the underlying SDEs (89) is a forward equation
Our second example consists of interacting noisy Kuramoto
oscillators of the form AP, (x,9)] = APy (x,y) (90)
¥ =+ 1 +ksin(y —x) +V2D& (D), (89) and a backward equation
¥y = w+ K sin(x — y) + V2D§, (1), 7 [Q: (x,y)] =AQi (%, ) (91)
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defined on T? = [0,27) x [0,27). As boundary condition require-
ments, we specify that the forward eigenfunctions satisfy P, (z)
€ (M) NLy(T?) and that P,(0,0) = P,(0,27) = P,(27,0)
= P, (2m,2m). The backward eigenfunctions satisfy Q} € E(T?)
N Lo (T?) and that Q}(0,0) = Q; (0, 27) = Q; (27, 0) = Q} (27, 27).

3. 9D discrete-state system

Our final example serves to demonstrate that our theory can
be successfully applied to discrete-state systems. The backward
equation corresponding to a discrete-state system with transition-
rate matrix &’is given by

af
5= J0 (92)

where f(f) represents the expected value of a test function,
which may depend on the state of the system. The eigenvalue-
eigenfunction pairs of the backward operator are, thus, the
eigenvalue-right eigenvector pairs of the matrix & The correspond-
ing forward eigenfunctions are left eigenvectors of &.

We consider a specific example of two coupled discrete-state
oscillators; each individual oscillator is a three-state system with
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transition-rate matrices A and B, respectively,

—(w+1) 0 w+T
A= w+T —(w+1) 0 ,
0 w+T —(w+ 1)
(93)
- 0 w
B=|owo - 0
0 o0 —w

The states of each system may be represented as X, = [A;, A, As]T
and Xz = [BI,BZ,B3]T, where A;,B; € {0,1}. The parameter
® > 0 describes the rate of transition between states, with cycle
Ay — A, —> A; — A, and so forth. The perturbation parameter, 7,
influences the transition rate, and, thus, the “frequency” of oscilla-
tion of the first discrete-state system.

Unless otherwise specified, all numerical simulations are per-
formed with the Gillespie algorithm® up to a finite time T = Tpyuy.
The resulting time series is interpolated via next neighbor onto
a evenly spaced time grid with spacing 0.0002. We remark that
although the discrete trajectories do not qualitatively “behave” as an
oscillator in original coordinates (since the uncoupled systems admit
power spectra which peak at 0 frequency; see Fig. 2), the power
spectrum of the transformed Q-function coordinates nevertheless
has a Lorentzian power spectrum peaking at nonzero frequency (see
Fig. 5).

When coupled together, the joint system is 9D, with transition-rate matrix given by

—2w—1 0 K+w+Tt 0 0 0 K+ ow 0 0 7
ow+T —2w—1 0 0 0 0 0 e ) 0
0 K +ow+t ——2w-T1 0 0 0 0 0 w
w 0 0 —2w—1 0 —K+w+Tt 0 0 0
C= 0 K+ w 0 K+o+t 2w-—71 0 0 0 0 s (94)
0 0 —Kk+ow 0 wo+T —2w—1 0 0 0
0 0 0 —K+w 0 0 —2w—1 0 w+T
0 0 0 0 w 0 —-Kk+ow+1t —2w-T1 0
L O 0 0 0 0 K+ w 0 K+w+1t —20—r1]

where the joint states are given by X¢ = [(A,»,Bj)]T, with i = {1, 2,
3,1,2,3,1,2,3}and j = {1, 1,1,2,2,2,3,3,3}. We employ “boxcar”
coupling with coupling strength « to push system states toward
the diagonal, ie., (A1, B1), (A, B), (A3, B;) are favored for large
k. We impose the restriction that ¥ < min{w, ® + t} so that state
transition rates do not become negative.

4. Quality factors

For the parameter values indicated above, the quality factors
for each of the isolated oscillators are: |w; /| = 20 for the planar
OU and 1D Kuramoto oscillators, and |w; /i;| = +/3/3 for the 3D

discrete-state subsystem (see Sec. IV B for more detailed informa-
tion about the leading eigenvalues of each system). Therefore, the
discrete-state system does not meet the robustly oscillatory criteria
because it has a quality factor less than unity. Nevertheless, as we
will show in Secs. IV B-IV D, our Q-function framework may still
be applied to the discrete-state system in a manner that elucidates
its synchronization behavior.

B. Eigenvalue bifurcations

In this section, we consider the splitting of the Q-function
eigenvalues, A; = p; + iw;, which are repeated with algebraic

Chaos 35, 073150 (2025); doi: 10.1063/5.0276714
Published under an exclusive license by AIP Publishing

35,073150-16

¥1:8€:G1 G20z Joquiaydas |0


https://pubs.aip.org/aip/cha

Chaos ARTICLE

multiplicity two when the system is unperturbed, x = v = 0. The
analysis that we will employ also holds for the complex-conjugate
eigenvalue A, although we do not consider the complex conjugates
here. As in the proof of Theorem 3, we denote the true perturbed
eigenvalues as Ay, where the subscript £ refers to the splitting
behavior of the eigenvalues. Similarly, the leading-order corrections
to A; are denoted A4.

1. 4D linear system
We begin with the 4D linear system (86). When k = 7 = 0, the
unperturbed eigenvalues with a positive imaginary part are

A = —n+iw (algebraic multiplicity 2). (95)

An exact expression for the Q-function eigenvalues as a function of
k and 7 is available, which serves as validation for our theory. Let w*
be a left eigenvector of the matrix

—n w47 0 0 10 1 0
| —(@+71t) -n 0 O 0 -1 0 1
A= 0 0 - o |71 0 -1 0
0 0 —w—g 01 0 -1

(96)

1
—n—Kﬂ:E«/4K2—r2+(w+§)i,

Ty .
R e G L

—n—fc+|:(a)+§):|:

where we recall that the repeated unperturbed eigenvalue X, generi-
cally splits into distinct eigenvalues A, («, ) upon perturbation.

In the case of coupled identical oscillators (z = 0 but « # 0),
the two eigenvalues take on a particularly simple form, namely,

A_(k,0) =—n —2«k +iw, Ay(k,0)=—n+iw. (99)

We now analyze the leading-order behavior of the repeated,
unperturbed eigenvalue, A, = —n + iw, as a function of both « and
7. We directly compute the matrix . in (36) (see Appendix D for a
more detailed derivation), which yields

K —K

= [—K—i—zt K :|’ (100)
with eigenvalues

1
Aer (K6, T) = %i == z\/4/<2 — 12, (101)

pubs.aip.org/aip/cha

Note that we write w* for the row vector, which is the conjugate
transpose of the column vector w. Then, the Q-functions have the
form
X1
X
Q*(xlxxbyliyz) =W* yj > (97)
V2

with eigenvalue that is identical to the eigenvalue of .7 correspond-
ing to w*. In Appendix G, we will prove the following general obser-
vation: The low-lying backward eigenfunctions of a linear system
are themselves linear functions of the coordinates, with coefficients
given by the left eigenvectors of the drift matrix <7 That is, the form
of 2 given above is not a unique feature of (86), but a general fea-
ture of any linear system of arbitrary dimension and architecture.”’
We remark that in the absence of noise, (86) fails to oscillate, but
irregular oscillations do occur for any finite-amplitude noise. It is
noteworthy that the backward eigenfunctions (97) are independent
of the noise strength D > 0; see Ref. 64 for a more detailed study of
noisy oscillating linear systems.

For the specific case of (86), exact expressions are available for
the true eigenvalues as a function of ¥ and 7, which we denote as
follows:

when 4«2 > 72,

when 4k? = 72, (98)

VT — 4/<2] i, when 4x? < 72,

N | =

Consequently, our analysis predicts that the repeated eigenvalue, A,
generically splits into distinct eigenvalues,

1
A, T) = (—n +iw) + [%1 — k£ 5\/4K2 - rz] + o(k) + o(7),
(102)
which recovers the eigenvalues of the exact solution (98) (see Fig. 3).
A similar analysis may be employed to study the complex conjugate

eigenvalue 1;.
The splitting discriminant is given by

D, 1) = VA2 — 12 (103)

One finds directly from the form of (103), or alternatively from
Corollary 3.2, that

K*=R(t") = :I:% (104)

satisfies Z2(R(t*),t*) = 0. In the (7,«) plane, this relationship
defines a Q-synchronization boundary (see Fig. 10 in Sec. IV D).
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FIG. 3. Eigenvalue bifurcations in the case of identical oscillators (z = 0, top block) and in the case of non-identical oscillators (z = 0.01, bottom block). Black lines denote
ground truth, while colored lines denote the leading-order analytic approximation. The top row of each block shows the imaginary parts of the eigenvalues, while the bottom
row of each block shows the real parts. Vertical dotted lines denote the leading-order approximation to the KT point. Left: 4D linear system with @ = 2 and D = 0.1. Middle:

2D ring model with @ = 2 and D = 0.1. Right: 9D discrete-state model with w = 2.
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2. 2D ring model

When « = t = 0, analytic solutions are available for the eigen-
values and eigenfunctions of the backward operator (augmented
with 27 -periodic boundary conditions on [0,27) x [0,27)) asso-
ciated with (89),

Amn = —D(m2 + T’lz) + iw(m + n),
Q;, (%, y) = [cos(mx) + isin(mx)][cos(ny) + isin(ny)], (105)
Ppu(x,y) = [cos(mx) — isin(mx)][cos(ny) — isin(ny)],

with m, n € Z. The Q-functions of the unperturbed system corre-
spond to the cases where (m,n) = (1,0) and (m,n) = (0,1). The
corresponding unperturbed eigenvalues Aq; and A, are given by

A = —D+iw (algebraic multiplicity 2). (106)

For «,7 # 0, analytic solutions are not available. However, one
may establish a double Fourier ansatz, which transforms the finite-
dimensional backward equation into an infinite-dimensional linear
system. We implement an efficient, accurate numerical approx-
imation of the eigenfunctions and eigenvalues of the infinite-
dimensional linear system using the method of continued fractions
(CFs).” See Appendix E for a detailed derivation of this proce-
dure, which closely relates to applied Koopman theory and extended
dynamic mode decomposition (EDMD).*""

Our theory provides a leading-order approximation in « and
7 of the eigenvalues. One may show by direct computation that the

matrix ./ for the repeated, unperturbed eigenvalue, A, = —D + iw,
is given by
it k)2
M= |:K/2 0 i| R (107)

with eigenvalues

T 1
}‘-C:E = El:b z\/ K2 — 12, (108)

Consequently, our analysis predicts that the unperturbed, repeated
Q-function eigenvalue, A;, of (89) generically splits into distinct
eigenvalues

A7) = (—D + iw) + [%ii % & — rZ] + oK) + 0(2).
(109)

Figure 3 displays the results.
The splitting discriminant is given by

Dk, 1) = K2 — 12 (110)

One finds directly from the form of (110), or alternatively from
Corollary 3.2, that

k' = R(*) = £[7 (111)

satisfies Z(R(t*),t*) = 0. In the (t,x) plane, this relationship
defines a Q-synchronization boundary (see Fig. 10 in Sec. IV D).
We remark that the CF method also produces accurate esti-
mates of the eigenfunctions of the 2D ring model (89). Above the
KT point, the eigenfunction 27 (x,y) is the dominant eigenmode
associated with eigenvalue A, and corresponds to a synchronized

pubs.aip.org/aip/cha
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X

FIG. 4. Center-of-mass and antiphase interpretation of the joint Q-functions of
the 2D ring model (89). The complex argument (stochastic asymptotic phase)
of the center-of-mass Q-function (middle) and antiphase Q-function (bottom) are
displayed according to a two-dimensional colormap (top). The colormap is black
when the magnitude of the Q-function vanishes and takes on fully saturated color
values when the magnitude of the Q-function is maximal. Intermediate hues are
linearly interpolated between these extremes as a function of the magnitude.

activity (cf. Sec. I1I C pertaining to power spectra). Meanwhile the
eigenfunction 2 (x,y) associated with eigenvalue A_ corresponds
to a nondominant mode corresponding to antisynchronized activ-
ity. In Sec. ITI C, we illustrate this interpretation by plotting the phase
and magnitude of these eigenfunctions.
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3. 9D discrete-state system

Our first two examples show how our framework successfully
applies to continuous time, continuous-state systems described by
a Fokker-Planck equation. However, our approach is not limited
to such systems. The Q-function approach and its associated phase
reduction for stochastic oscillators apply, in principle, to any Marko-
vian system satisfying the robustly oscillatory criterion (e.g., Ref. 48
exhibited both Fokker-Planck systems and also a conductance-
based neural model with discrete-state channel noise). For our third
example, we illustrate how the framework applies to a discrete-state
system of the sort one might find in a finite-population chemical
system.”’

pubs.aip.org/aip/cha

We remark that although the discrete-state system (94) is not
of the form of the general system (21) considered throughout the
paper (and so the explicit results of Corollary 3.2 do not apply to
this system because the structure of the perturbation in « and  dif-
fers from the specific case that we considered), a similar eigenvalue
perturbation analysis may be employed.

When « = 7 =0, the unperturbed eigenvalues of (94) with
least negative real part and positive imaginary part are

3 3
A= <_E + \/7_1) ® (algebraic multiplicity 2). (112)

In the case when «, T # 0, an exact expression is available for the true perturbed eigenvalues,

3 3 3 3 3—1i
5@ T + <£w+ %—r) i+ f4 l«/—4/(2 + 372, when 312 > 4k?2,

4 2
3 3 3
Ak, T) = e T + (%—w + %—r) i, when 372 = 4«2, (113)

3 3 3 3 3i+1
e T + <£w+ i—r) i+ \/_l4+ V4?2 — 312,  when 31% < 4«2,

2 4

where we recall that the unperturbed repeated eigenvalue A, generically splits into distinct eigenvalues A («, T) upon perturbation.
In the case of identical oscillators (t = 0), the two eigenvalues with positive imaginary part take on a simple form

S Y
2T

A_(k,0) = ( 3,3

Ay (k,0) = (-% + ﬁi

Directly computing the matrix ./ in (36) yields

8 8
1 V3,
T 5_71

343

M=

with eigenvalues

1 V3, 3 53
{2

1 3.
)“"“(f?)’
1 /3.

We now analyze the leading-order behavior of the repeated, unperturbed eigenvalue, A, = (—% +

(114)

‘/;i) w, as a function of both « and 7.

(115)

hes(6,T) = —T (— — 731') + g\/—w (1 - «/5:') 4372 (1 - ﬁi). (116)

4

Consequently, our analysis predicts that the repeated eigenvalue, A, generically splits into distinct eigenvalues,

Aelic, ) = <—§ 4 éi) o+ |:—1: (3 - ﬁi) + g\/—w (1 - «/Ei) 1372 (1 _ \/51')} T 0(k) + 0(0), (117)

2 4 4
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FIG. 5. Power spectra below the KT point (left column), at the KT point (middle column), and above the KT point (right column) in Q-function coordinates (orange and purple,
computations; yellow and pink, theory), and in the original coordinates (light orange and light purple). In Q-function coordinates, the power spectra of the two oscillators peak
at identical frequencies after the bifurcation. Top: 4D linear model with parameters n = 0.1, D = 0.1, = 2, = = 0.5, and coupling strengths « = 0.1,0.25, 0.4. Middle:
2D ring model with parameters w = 2, T = 0.5, D = 0.1, and coupling strengths « = 0.2, 0.335 96, 0.38. The power spectra in original coordinates are obscured by those
in Q-function coordinates in the left and right panels. Bottom: 9D discrete-state model with parameters » = 10 and = = 5, and coupling strengths « = 2, 5+/3/2, 6.

which recovers the two eigenvalues of the exact solution (113)
(see Fig. 3). A similar analysis may be employed for the complex-
conjugate eigenvalue 2;.

The splitting discriminant is given by

One finds directly from the form of (118) that

s

K= R = :I:T3|r*| (119)

satisfies Z(R(t*), 7*) = 0. In the 7, « plane, this relationship defines
a Q-synchronization boundary (see Fig. 10 in Sec. IV D).

3i4+1
Dk, 1) = IIT+\/ 42 — 372,

(118)
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FIG. 6. Real and imaginary parts of the cross spectra below the bifurcation (left column), at the bifurcation (middle column), and above the bifurcation (right column)
in Q-function coordinates (dark green and blue, computations; light green and blue, theory), and in the original coordinates (light gray). The cross spectra in Q-function
coordinates are purely real at the bifurcation. Here, we show resullts for the 4D linear model (86) with parameters n = 0.1, w = 2, = = 0.5, D = 0.1, and coupling strengths

k =0.1,0.25,04.

Note that in this case, we include the multiplicative prefactor
@ in (118) to emphasize that the discriminant in this case is nei-
ther purely real nor purely imaginary as in the previous two cases.
This fact is reflected in the right column of Fig. 3, which shows
splitting of both the real and imaginary parts of the eigenvalues.

C. Power spectra and cross spectra

In this section, we analyze the power spectra and cross spectra
of our three model systems in the case of non-identical coupled units
(t #£0).

As in Sec. IV B, we denote the eigenvalues associated with the
Q-functions of the joint system as A, = 4 + iwy, which have a
positive imaginary part. As always, the results presented in this
section also hold for the complex-conjugate eigenvalues with neg-
ative imaginary part, although we do not explicitly consider these
eigenvalues in this section.

We begin with the power spectra. In the case of our continuous-
state examples, below the KT point, the eigenvalues have identical
real parts, with ;. = p_, but non-identical imaginary parts, with

w4 # w_. Consequently, both power spectra are Lorentzian with
equal half-width, but have peaks at different frequencies. At the
bifurcation point, the eigenvalues are identical with u, = p_ and
w4 = w_. In consequence, the power spectra of the two oscillators
are identical at the bifurcation point. Above the bifurcation, the real
parts of the eigenvalues are distinct, with u; # u_, but the imag-
inary parts are identical, with w; = w_. Accordingly, each of the
power spectra peaks at the same frequency, but have different widths
(recall Sec. 111 C).

Physically, below the KT point, each oscillator has a promi-
nently peaked power spectrum, ie., for weak coupling, the sys-
tem behaves as two distinct stochastic oscillators. As the coupling
increases, the power spectra “collide” and become identical at the
KT point. Importantly, the oscillators have identical (mean) fre-
quencies in Q-function coordinates because the imaginary parts of
the Q-function eigenvalues are identical. In contrast, in their orig-
inal coordinates, the power spectra of each oscillator have peaks,
which generically only asymptotically approach each other as cou-
pling strength increases (see Fig. 5, lightly shaded curves). Above
the KT point, the coupled system is robustly oscillatory, i.e., there is
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FIG.7. Real andimaginary parts of the cross spectra for the 2D ring model (89) with parameters w = 2, 7 = 0.5, D = 0.1, and coupling strengths « = 0.15, 0.335 96, 0.45.

The color scheme is as in Fig. 6.

a unique low-lying eigenmode (the Q-function), which dominates
system dynamics at intermediate-long times. Only one of the two
power spectra remains prominent, the other flattens and becomes
less prominent because the corresponding Q-function becomes a
high-order mode after the bifurcation. Recalling the discussion
after Theorem 3, the low-lying Q-function above the bifurcation
is analogous to the center-of-mass mode for a harmonic oscillator
and captures synchronous activity. The complex argument of this
Q-function is shown in Fig. 4. In regions where the magnitude of
the Q-function is near 0, the color becomes black to indicate that the
phase captured by this eigenmode is not robust and could change
values very rapidly. The magnitude of the center-of-mass eigenmode
vanishes only at anti-synchronous solutions y ~ x 4 . In contrast,
the non-dominant Q-function above the bifurcation is similar to
the antiphase mode of a harmonic oscillator and captures antisyn-
chronous activity. The complex argument (again scaled according
to the magnitude of the Q-function) is shown in Fig. 4 and indicates
that this eigenmode captures only antisynchronous behavior.

In the case of the discrete-state system, the real and imaginary
parts of the eigenvalues are distinct, except at the KT point. While
the mean rotation of each oscillator is non-identical, the isochrons of

each oscillator become identical after the KT point (see Appendix F).
Figure 5 depicts plots of the power spectra for each oscillator in our
example systems, both in Q-function coordinates (darkly shaded
curves) and in their original coordinates (lightly shaded curves).
Numerical simulations are in excellent agreement with the analytic
results below, at, and above the KT point.

We also find that the eigenvalue bifurcation reflects a quali-
tative change in the cross-spectral density of the coupled systems.
Notably, the cross spectra are purely real at the bifurcation point.
Results are summarized in Figs. 6-8.

D. Arnold tongues

Here, we display synchronization regimes for each of our
three models. In Sec. IV B, we provided analytic approximations
for the synchronization regimes of three distinct systems of coupled
stochastic oscillators via Corollary 3.2. Here, we supplement theory
with numerical simulations outside the small parameter regime. For
the 4D linear system and 9D discrete system, exact expressions are
available for the SKO eigenvalues. For the 2D ring model, we employ
the method of continued fractions to accurately approximate the
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FIG. 9. Synchronization boundary for the 2D ring model as a function of D with parameter values and color scheme as in Fig. 10. Left: D = 0.3. Middle: D = 0.001. Right:
D = 0.001 (zoomed in, note change in scale). The leading-order approximation «* = |z*| (orange) captures the synchronization boundary for small perturbations «, z, but
differs from the known deterministic synchronization boundary «* = |t*|/2 (blue).
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FIG. 10. Arnold tongues for stochastic oscillators in the z,« plane. Colored regions denote parameter pairs (z, «) which lie above the KT point, i.e., for which the system
is Q-synchronized. The boundary of each colored region corresponds to , « pairs for which the Q-function eigenvalues are repeated. The orange line is the analytic
approximation of the Q-synchronization boundary obtained from Corollary 3.2. Left: 4D linear system with @ = 2 and D = 0.1. The boundary is given by «* = |t*|/2 and
is independent of noise intensity D # 0. Middle: 2D ring model with @ = 2 and D = 0.1. When D = 0, an exact expression is available for the synchronization boundary:
«* = |t*|/2 (blue dashed line). When D # 0, the true boundary is not available analytically, but a leading-order approximation is given by «* = |*|. Right: 9D discrete-state

system with & = 2. The boundary is given by «* = +/3|7*|/2.

eigenvalues of the SKO (see Appendix E). We remark that our syn-
chronization regimes bear a strong resemblance to 1:1 mode-locking
Arnold tongues for deterministic coupled oscillators.""~*

The synchronization boundary of the 2D ring model depends
on the noise intensity, D. We find numerically in Fig. 9 (left panel)
that our leading-order approximation k* = |t*| is accurate even for
large perturbations «,7 when D is large. On the other hand, for
smaller D values, our leading-order approximation is accurate only
for small perturbations (Fig. 9, middle and left panels). We remark
that the deterministic (D = 0) synchronization boundary is given
by k* = |t*|/2. For intermediate values of T and «, the Q-function
synchronization region (Fig. 9, middle panel, gray region) does not
differ significantly from the deterministic Arnold tongue (dashed
blue lines) although both boundaries differ from the leading-order
analytic expression (orange curve). For smaller values of 7 and «
(Fig. 9, right panel), the leading-order approximation captures the
Q-function synchronization boundary, which differs by a factor of
two from the deterministic Arnold tongue boundary on this scale.

V. DISCUSSION

Phase reduction approaches have proven useful for study-
ing deterministic oscillators, where the nonlinear change of coor-
dinates from the original variables to (phase, amplitude) coor-
dinates replaces the original nonlinear dynamics with simplified
linear-affine dynamics.”” Phase reduction is particularly effective
for characterizing the synchronization behavior of coupled deter-
ministic oscillators.” Recently, it was shown that the Q-function,
the slowest decaying mode of the backward operator (stochas-
tic Koopman operator, SKO), provides a comparable simplifying
nonlinear change of coordinates for stochastic oscillators.” While
there exist several previously proposed notions of “phase” and
“synchronization” for stochastic oscillators, the literature to date

is self-contradictory.””~*> To the best of our knowledge, a mathe-
matically founded notion of phase for stochastic oscillators such
as the mean-return-time phase,’>"” phase defined from a varia-
tional equation,””~"* or the stochastic asymptotic phase based on the
SKO**71" has not previously been applied to study the synchro-
nization of systems of coupled stochastic oscillators.

In this manuscript, we fill this gap by extending the Q-function
phase reduction framework to systems of symmetrically coupled
stochastic oscillators. We introduce a novel definition of synchro-
nization for stochastic oscillators in terms of the eigenvalue spec-
trum of the SKO. We demonstrate that qualitative changes in
the eigenvalue behavior correspond to qualitative changes in the
power spectra and cross-spectral densities of the coupled system in
Q-function coordinates. Our definition of synchronization is con-
ceptually consistent with deterministic synchronization based on
phase reduction. Yet it applies whether the stochastic oscillator
arises as a deterministic limit-cycle system perturbed by noise or as
a noise-induced oscillation (as in our coupled Ornstein-Uhlenbeck
process example). In contrast, other notions of synchronization are
either ad hoc, for example, relying on arbitrary thresholds for the
mean frequency difference, or else rely on classical notions of phase,
which are not strictly well-defined for stochastic systems. More-
over, we show that the Q-synchronization boundary as a function
of coupling strength and frequency difference closely resembles the
boundary of 1:1 Arnold tongues for deterministic oscillators.’~*

Mauroy and Mezi¢ studied the Koopman eigenvalue spec-
trum of deterministic oscillatory systems both in the case of peri-
odic limit-cycle systems and in the case of quasiperiodic oscillatory
systems.””””” In the limit-cycle case, they showed that the Koop-
man operator has a unique purely imaginary minimum frequency
eigenvalue A; = iw corresponding to the deterministic limit-cycle

27

period T = =& that generates a lattice of higher frequency purely

w
imaginary eigenvalues. In contrast, for a quasiperiodic solution, they
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showed that the Koopman operator has multiple purely imaginary
eigenvalues with incommensurate frequencies, generating multiple
incommensurate lattices of imaginary eigenvalues. For a system
of two coupled deterministic limit-cycle oscillators, within a 1:1
mode-locking region, we may view the system as possessing a sin-
gle limit cycle. In this case, standard phase reduction x — 6(x)
guarantees a low-lying Koopman eigenpair, namely, the Q-function
exp[if(x)] with eigenvalue A; = iw. Outside a 1:1 mode-locked
tongue, a system of coupled deterministic oscillators may exhibit a
variety of behaviors, including higher-order p:q mode-locking and
quasiperiodic behavior. For example, Mauroy and Mezi¢ describe
quasiperiodic orbits of two coupled van der Pol oscillators.”” These
observations suggest that a transition from quasiperiodicity to syn-
chronization in the deterministic case, with increasing coupling
strength, may be marked by a qualitative change in the Koopman
eigenvalue spectrum. If true, such a result would be analogous to the
behavior seen in the stochastic case discussed here.

More broadly, a Koopman-based framework appears to offer
a universal description for oscillatory phenomena, encompass-
ing both deterministic and stochastic oscillators as well as single
and coupled systems. A formal investigation into the relationship
between Koopman eigenvalues with and without noise, particularly
in the context of Arnold tongues, remains an open topic for future
study. In this manuscript, we have provided a comparison of the
Q-synchronization and deterministic synchronization boundary for
a system of two coupled Kuramoto oscillators with and without
noise, respectively. However, further comparison between the deter-
ministic and stochastic case is numerically challenging because
most systems of coupled stochastic oscillators are at least four-
dimensional; in such cases, solving for the Q-function requires the
solution of a high-dimensional partial differential equation (PDE).
Future advances in numerical methods for PDEs will allow for a
more systematic study of Q-synchronization and its relationship to
deterministic synchronization.

The present study limits itself to the consideration of syn-
chronization for stochastic oscillators. However, the framework put
forth here is expected to hold for a variety of situations, some of
which have already been considered in the literature. One study
analyzed the synchronization of a deterministic Kuramoto network
and found that bifurcations in the leading Koopman eigenvalues
identified regions of synchrony where the frequency of oscillation
reached a consensus value.”* Koopman spectral methods have also
been implemented to study the entrainment of stochastic oscilla-
tors. In Ref. 79, the entrainment of a stochastic van der Pol oscil-
lator was studied using the spectrum of the Koopman operator.
Bifurcations in the dominant Koopman eigenvalues were observed
and provided a means to identify regions of p:g mode-locking.
In Ref. 80, a similar approach was taken to analyze the entrain-
ment of stochastic integrate-and-fire neuron models, where the
observed eigenvalue bifurcations were used to construct regimes
similar to Arnold tongues for deterministic oscillators. The present
manuscript generalizes these results to the case of coupled stochastic
oscillators.

Our Q-synchronization approach offers an alternative
approach complementing stochastic bifurcation theory. Classically,
a stochastic bifurcation refers to a topological change in the sta-
tionary probability distribution of a given system as parameters

ARTICLE pubs.aip.org/aip/cha

are varied.”” We remark that in the examples considered in this
manuscript, no qualitative change was observed in the stationary
distribution below or above the bifurcation point of the SKO eigen-
values. Our eigenvalue approach incorporates long term dynami-
cal information, as opposed to static information captured by the
stationary distribution, i.e., the Q-function approach captures qual-
itative changes in phase, isochrons, mean frequency, and power
spectra, which are not well captured with just a stationary analysis.

The framework put forth in this manuscript opens up several
further avenues for future investigation. Here, we limited consider-
ation to systems which consist of only two symmetrically coupled
oscillators in the 1:1 mode-locked regime. Consideration of systems
of n > 3 coupled oscillators, of systems with non-symmetric cou-
pling, or of systems, which admit solutions in the p:q mode-locked
regime are natural next steps.

The framework presented here has the potential to facilitate
analysis of real-world models, such as applications involving cou-
pled electrochemical oscillators,*>* coupled biochemical oscillators
underlying the circadian clock,”* or coupled neuron models,*”*
among others. However, analysis of, say, two coupled 2D Mor-
ris-Lecar neurons® would require solving for the 4D Q-function
of the jointly coupled system, which is a non-trivial numerical
task. Approaches such as extended dynamic mode decomposi-
tion (EDMD),**"*" radial basis function (RBF) approaches,” =
or machine-learning methods”-" could be applied to higher-
dimensional systems.

The present work develops a theory for the synchroniza-
tion of stochastic oscillators assuming that the Q-functions of the
jointly coupled system are known. However, in practice, obtain-
ing Q-functions for systems in # > 3 dimensions is a challenging
numerical task. Mesh-free techniques, such as extended dynamic
mode decomposition (EDMD),*""% radial basis function (RBF)
approaches,’ = or machine-learning methods,”~"* may prove use-
ful here. Synchronization of stochastic oscillators is of interest also
in cases for which one lacks an explicit underlying SDE model or
for which one can only observe one of several coordinates (e.g., volt-
age time series from EEG recordings). Numerical methods currently
under development enable one to extract the stochastic asymptotic
phase and (or) the Q-function itself from time series using data-
driven Koopman oscillator techniques.””””>”* The theory developed
here offers a test for synchronization: transforming data to empir-
ically obtained Q-function coordinates, one can then compute the
power spectra and cross-spectral density and observe whether or not
a given system is within a Q-synchronization regime.
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APPENDIX A: STATIONARY EIGENFUNCTION
PERTURBATION

Here, we give an analytic expression for the leading-order
correction to the stationary distribution for the 2D ring system

X = w+ 1+ ksin(y — x) + V2DE (1),
(A1)
¥y = w+ K sin(x — y) + V2D§,(1).
The forward equation for the stationary distribution is given by
(L + %+ 1% + kL) P(x,y) = 0, (A2)
where
(% + L] P(x,y) = (—00,P(x,y) — 03, P(x,y)

+ D3, P(x,y) + D3, P(x,y)), (43)

1L P = —10, 2%, ),
kL P =—«k (3x[sin(y — x) P(x,y)] + 0,[sin(x — y) ﬁz(x,y)]) .

The forward equation is augmented with 2m-periodic bound-
ary conditions: Z(0,0) = £(0,27) = £(2n,0) = (2w, 2xw). By
Lemma 2, the leading-order correction for the stationary distribu-
tion, Z.(x, y), satisfies

(Z+ L) Puxy) = (0L +k LOP®PY)],  (Ad)
where the unperturbed stationary distribution is given by Py (x) Py ()
= L. Writing out (A4) explicitly gives

[0, — wd, + D + D, (5,)] Z.3) = =5 cos(y = ).
(A5)
One can verify that

cos(y — x)

Peloy) =k— o

(A6)

satisfies (A4) with periodic boundary conditions. Consequently, to
leading order in « and 7, the stationary distribution of (Al) is
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given by

cos(y — x)

1
ﬁ’o(x,y)=m<1+x D

) + o(k) + o(1). (A7)

APPENDIX B: COUPLED SYSTEM WITHOUT A
BIFURCATION

Here, we consider an example for which there do not exist
real-valued perturbations of the form «* = R(r*), which satisfy
D(R(t*), T*) = 0. We consider the system

X =w—|—f+Kcos(y—x)+\/E§1(t),

(B1)
Y =w+kcos(x—y) + V2Dg, (D),
with periodic boundary conditions on [0,27) x [0,27). We solve
the related SKO eigenvalue problem with the method of continued
fractions (see Appendix E).
The unperturbed (kx = v = 0) eigenvalue-eigenfunction pairs
of (Bl) are given by (105). Directly computing the matrix .#

2.02

0 0.005 0.01 0.015 0.02

-0.10005
~ -0.1001
T

® _0.10015

-0.1002

-0.10025
0 0.005 0.01 0.015 0.02

K
FIG. 11. The imaginary parts (top) and real parts (bottom) of the Q-function

eigenvalues associated with (B1). No bifurcation occurs for real-valued pertur-
bations « and 7, which is predicted by our analysis.
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[see Eq. (36)] for the repeated eigenvalue A, = —D + iw yields

. K.
1T —1
M=, 2| (B2)
—i 0
2

The splitting determinant is seen to be

Dk, 1) =+ —1% — K2, (B3)

By Corollary 3.2, nonzero perturbations «*,7* that satisfy
D(k*, t*) = 0 satisfy the relation

(i—0)

K* = R(t*) = ilt¥| = ilt*|. (B4)

Consequently, there are no non-trivial real-valued perturbations
k*,t* such that Z(k*,t*) = 0. System (Bl) does not exhibit
Q-synchronization for real-valued perturbations. Figure 11 shows
the SKO eigenvalues of (B1) when 7 # 0.

APPENDIX C: GAUGE TRANSFORMATION

Here, we consider the rotational ambiguity inherent in the Q-
functions of two coupled stochastic oscillators and derive a gauge
transformation to eliminate this ambiguity.

Consider a function Q*(x) for x € R". Let Q}(x) = Q! (x)e¥,
for some unknown £ € [0, 27). Define an objective function

fla) = (|Qf(®) — Q)™ *), (C1)
where

Q) = fR dx @ (®)Po(x), (€2)

and Py(x) is the corresponding stationary distribution of the system
in question. Our goal is to minimize f with respect to «. First, note
that

flo)y = f dx (Q[()QI(x®) — Q(NQ(x)e ™
er
- Q@QIXe” + QX Q (X)) Py(x)
=2- /Rn dx QF (x)Q,(x)e™Py(x)

- /H;{ . dx @ () Qi (x)e Py(x). (C3)

Simplifying % flr) = 0 yields the expression
1 o dx QF(0)Q(x)Pp(%)

= —log & - +
2% [ X Q@@

The integer n arises from consideration of the infinitely many
branches of a complex logarithm. If n = 0, then

T, née€Z. (C4)

o

flcg) =2 — 2 ‘ / K QOQA®P®|,  (CH)
Rﬂ

and if n = =1, then

flap=s) =242 M{n dx QI(x)Q;(X)Py(x) . (Co)

Consequently, the principal branch of the logarithm solves the
minimization problem.

APPENDIX D: COMPUTATION OF THE MATRIX M

Here, we provide details for the computation of the matrix .#
for a specific example. We consider the linear system

X, = —nx1 4 (@ + )% + k(1 — x1) + V2D& (1),
Xy, = —(@+ 0)x1 — 1%, + k(32 — %) + V2DE (1),
¥ ==y + oy, + k(@ — 1) + V2DE (8),

Yy = —wyr — nys + k(% — y2) + V2DE(1).

Let x = [x,x,]" and let y = [y}, y,]". The unperturbed low-lying
eigenvalues and eigenfunctions of the SKO and Fokker-Planck
operator associated with (D1) are given by

M =-—n+io,
Dy(x )—Ln—zex —i(x2+x2+x2+x2)
0>Y—4ﬂ2D2P Sp 2 3 1) ) >
.
2D’

L &Y) = (2 + iy, %,
1 n 5/2

Prxy) = ——— (=

(X, ) aan? (D)

X (X — ix1) exp (—% (xf +x§ +x§ +Xi)),

1 n 5/2
P, (xy) = n
b(oy) 42m? (D)

X (y2 — iy;) exp (—% (xf +x§ +x§ +xi)).

Q% y) = (22 + ixy)
(D2)

Now, we compute the matrix ./ [recall Eq. (36)]. Note that

r,?: =1 [xzaxl - xlaxz],
(D3)
KL=k [ — x84+ (2 — 1)y, + (61 — Y1)y, + (62 — 12D, |

Consequently, one has that
‘L'i”: [le (x,y)] = t(—x + ix;) /E,riﬂ: [Qly(x,y)] =0,

kL Q)] = k[0 — x)i+ (s — x)] % (D4)

" . n
K L] [ 1y(X,Y)] =[G —yDi+ (2 — y2)] D
Directly evaluating the integrals in (36) reveals that
iT—K K
M, T) = |: B _K] (D5)

as desired.
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APPENDIX E: CONTINUED FRACTIONS

Here, we sketch the implementation of a continued frac-
tion (CF) approach (following the general procedure described in
Ref. 65) to solve the 2D ring model, which we recall is given by

X =+ 1 +Ksin(y — x) + V2Dg (1),
(ED
Y = w+Ksin(x —y) + V2Dg, (P).

The backward equation, expressed in the form LN 1 —2Q =0,
corresponding to (E1) is

[w 4+ 7 4« sin(y — x)]3:Q" + [w + « sin(x — )]3,Q"
+ D3,Q" + D3,,Q"* —AQ" =0 (E2)
along with 27 -periodic boundary conditions

Q*(0,0) = Q*(0,2m) = Q" (2w, 0) = Q*(2w,2mw).  (E3)

To begin, we adopt a double Fourier ansatz
Q = i i Cjpe' (E4)

k=—o00 j=—00
Insertion of (E4) into (E2) and rearranging gives

i i iliEHky) (Cj_1,k+1 [g(k —j+ 2)]

k=—o00 j=—00
+ Gk [-D(G? + k) + i((@ + 7)j + wk) — 1]
K.
+ Grig [EU_k+2)]) —0. (E5)
By orthogonality, one finds that

Ci—1k+1 I:g(k —-j+ 2)]
+ c,-,k[—D(j2 + k) +i((w + 1)j + wk) — A:|

+ Gt [g(; —k+ 2)] =0 (E6)

for each j k. Note that only those coefficients cj;x with j+k
= const = N are coupled. Therefore, we define

ZJN = CjiN—j> (E7)

and in this notation, the recurrence relation becomes
K .
2[5 =2G-1)]
+2'[-DF + N =) +i((@+0)j + o (N =)) — 1]
+2[5e0+D-M] =0 (E8)

where N € (—00, 00) is an integer. For fixed N, (E8) is a tridiagonal
recurrence relation corresponding to an infinite-dimensional lin-
ear system. Let J € Z* be a cutoff index. Demanding that j € [—], ]]
results in a truncated, finite-dimensional linear system. Diagonaliz-
ing the truncated system gives an approximation of the eigenvalues
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of (E2). Note that the periodic boundary conditions are automati-
cally satisfied by the choice of basis functions (E4). The eigenvectors
of the truncated linear system give the coefficients zJN , which may be
translated to coefficients cjy. Substitution of the computed cj; into
(E4) yields an approximation of the desired eigenfunction.

Alternatively, one may take advantage of the special tridiago-
nal structure of the truncated linear system to efficiently compute
the eigenfunctions using continued fractions. To compute the eigen-
function corresponding to an (approximated) eigenvalue A, rewrite
(E8), for fixed N, in the general form

Q;Cn—l + ann + Q:{Cn-%—l =0, (E9)

where the scalar coefficients Q,, Q}, and Q! may be read off directly

from the recurrence relation.” Define the ratio S, = ¢,41/c,. Then,
(E9) may be expressed in terms of S,,,

OO = S (E10)

Qut1 + Qi 1Snt

which, in turn, may be expressed as an infinite continued fraction,

Qn+1
T —
Qn+l Qn+2

e —
Qn+2 Qn+1
n+3 7

Sn=—

(E11)
Qn-H -

Qny2—

Onehasc, = S,-1S,—2 . . . Soco; computation of the ratios S; provides
the means to compute the coefficients ¢,. Note that one may take ¢,
as any non-zero constant (a constant multiple of an eigenfunction
is still an eigenfunction). Note that (E11) is an infinite continued
fraction. For practical applications, one seeks the Mth approximant
of such expressions (an approximation upon truncating the infi-
nite fraction after M terms). To solve for the Mth approximant of
a continued fraction

Ky ~ by + —— (E12)

b+ —2
! b, +

one solves

An = bnAn—l + anAn—Z)

(E13)
Bn = ann—l + aan—Zs
with initial conditions A_; = 1,Ay = by, B_; = 0, and By = 1. The
Mth approximant is given by

Ky = —. E14
M=z (E14)

In this manuscript, we compute the eigenfunctions of the 2D
ring model (E1) using continued fractions. To solve for the Q
functions, we set N = 1 (because we are interested in the leading
eigenpair), J = 250 (which sets the size of the linear system), and
M = 50 (which sets the truncation point for the continued fraction
approximation).
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We remark that the CF approach closely connects with the APPENDIX G: LINEAR SYSTEM EIGENFUNCTIONS
Koopman theory.®”’ The double Fourier ansatz (E4) can be viewed
as a “dictionary” of functions, under which the finite-dimensional
nonlinear system (E1) is represented as an infinite dimensional lin-
ear system (E8). Truncation of the infinite-dimensional linear sys- X =X+ 93} ®), (G1)
tem gives a finite-dimensional linear approximation of the original

nonlinear dynamics.

Here, we prove a lemma giving the form of the low-lying
backward eigenfunctions of a general linear system of the form

where X € H}N, o7 is an N x N drift matrix, & is a N x M noise
matrix, and £ isan M x 1 white noise vector. The backward operator
for (G1) is given by

APPENDIX F: DISCRETE SYSTEM BIFURCATION 2TQ =) (o), [0,Q°] + % > By [axiij*], (G2)
Here, we analyze the synchronization behavior of the 9D dis- ' Y

crete system. Above the KT point, the imaginary parts of the two where Z = 29", The spectral properties of the backward operator

dominant eigenvalues are distinct. Nevertheless, we find that the (G2) have been thoroughly studied (see, for instance, Ref. 63, 100,

phases of the coupled oscillators are locked only above the KT point, and 101). Here, we derive the form of the first non-trivial eigen-

and, thus, the bifurcation corresponds intuitively to the notion of functions of (G2). In the case when (G1) corresponds to a system of

synchronization. To see this, we define the projection matrices robustly oscillatory oscillators, our computation provides a simple

expression for the corresponding Q functions.
Lemma4: Assume that o/is diagonalizable with a complete set
Pi=[Ls D Inol, Ps=La®[1 1 1], (F1) of left and right eigenvectors. Then, the first non-trivial eigenfunctions

of (G2) are given by
where ® denotes the Kronecker product. The two 9D eigenvectors of Q) =wix (G3)
the jointly coupled system (94) corresponding to the two dominant with eigenvalue ;, where Wi/ = L;w}, i.e., W} is a left eigenvector of
backward eigenmodes are projected via their respective projection o/ with eigenvalue ;.
matrix (F1) to two 3D eigenvectors corresponding to each individ- Proof. Letw; = W, w®, .. w™] denote a left eigenvector of
ual oscillator. We plot the complex argument of these vectors as a o/ with eigenvalue },. Substituting the ansatz (G3) into (G2) gives
function of coupling strength in Fig. 12 and find that the stochastic ]
a'symPtotic Rhase of each ogcillator becomes locked after the bifurc'a— 20 = Z (%), [0, Q] + 3 Z B [aXin Q*]
tion, i.e., while the two oscillators do not have identical frequencies ; i

in Q-function coordinates, the structure of the isochrons of each \ .
oscillator are the same above the bifurcation. = (9X), [811“':' X] + (@X); [axzwi X]

4 (DX [y W]

(%),
0.6 - : i (%),
| =[w® w® . w®] .
05} 1 ()5
e !
c, 04l | ] =w, o& = ,wix = 1,Q". (G4)
e - ! 0
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