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Fluctuation-response relations and response-response relations for membrane voltage
and spike train of stochastic integrate-and-fire neurons
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Neurons display spontaneous spiking (in the absence of stimulus signals) as well as a characteristic response
to time-dependent external stimuli. In a simple but important class of stochastic neuron models, the integrate-
and-fire model with Gaussian current noise, both aspects can mathematically be related via fluctuation-response
relations (FRRs) as has been shown recently [B. Lindner, Phys. Rev. Lett. 129, 198101 (2022)]. Here we extend
the class of FRRs to include the susceptibilities of the membrane voltage and subthreshold voltage nonlinearity
as well as the power spectrum of the membrane voltage. For a simple but often considered IF model, the leaky IF
model with white Gaussian noise, we exploit the FRRs and derive explicit expressions for the power spectrum
and susceptibility of the subthreshold membrane voltage. We also put forward a relation between the response
functions of the spike train and membrane voltage, a response-response relation (RRR) that holds true for a
more general setting than considered in most parts of the paper. For the generalized IF model with an adaptation
current and colored Gaussian noise, we derive an FRR and an RRR. We briefly discuss useful applications of the
derived FRRs and RRRs.
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I. INTRODUCTION

Nerve cells (neurons) in the brain encode information
on sensory signals in sequences of action potentials, called
spike trains [1–3]. Often, however, neurons also display a
considerable spontaneous spiking activity in the absence of
sensory stimulation and they also show spiking variability in
the presence of stimuli (trial-to-trial variability). Both aspects
are indicative of intrinsic and extrinsic noise sources and ne-
cessitate stochastic models of neural firing which have by now
a long history in computational neuroscience [4–8]. These
models take fluctuations into account and can reproduce both
the firing statistics of stimulus-free neurons as well as the
response and trial-to-trial variability in presence of a stimulus.
An important class of phenomenological models that have
been applied both to experimental data of single cells as well
as in theoretical studies of neural networks is the integrate-
and-fire (IF) neuron model [9–11].

The calculation of the characteristics of spontaneous firing
(e.g., the spike-train power spectrum) and of the response to
time-dependent stimulation (e.g., the susceptibility) is a non-
trivial problem in the theory of stochastic processes because
of the unavoidable nonlinearity in the mathematical descrip-
tion of spike generation. There are a couple of exact results
for the power spectrum and susceptibility of integrate-and-
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fire models with white Gaussian noise [12–14], with colored
telegraph noise [15], and with white shot noise [16,17]; how-
ever, generally, such results are difficult to derive, especially
for biophysically more realistic models that include spike-
frequency adaptation, short-term plasticity, and/or temporally
correlated (colored) noise.

In statistical physics, it is known that the spontaneous ac-
tivity and the response to perturbations of stochastic systems
are not independent but often connected by fluctuation-
dissipation theorems (FDTs), also referred to as fluctuation-
response relations (FRRs) [18]. In recent years, different
research groups have attempted to find similar relationships in
neural systems by different methods and at very different lev-
els (single neuron, neural population, network of networks).
Investigating whole brain regions using electroencephalogram
recording and functional magnetic resonance imaging (fMRI),
multiple groups found a complex interplay of the sponta-
neous and evoked activity [19,20]. FDTs were found for
symmetrically coupled brain regions in a model of coupled
stochastic Stuart-Landau oscillators near criticality fitted to
whole-brain fMRI data: the violation of the equilibrium FDT
were associated with complex cognitive tasks and used to
quantify deviations from equilibrium dynamics in the brain
[21]. At the population level, the spontaneous fluctuations and
response of a linearized noisy version of the Wilson-Cowan
model were compared with experimental measurements of
spontaneous and evoked activity using magnetoencephalog-
raphy [22]. This method has been expanded to account for
imbalanced networks in Ref. [23]. For a network of leaky IF
neurons in discrete time, a theoretical framework has been
proposed based on the probability density of the spike times
and been used to derive approximate FDTs. The applicability
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of this approach to more general time-continuous IF models
(which were shown to best describe spiking in real neurons
[24]) appears to be difficult. Further, a recently developed uni-
versal description of a multidimensional stochastic oscillator
led to yet another simple FRR, although the latter holds only
for an abstract complex-valued variable to which the system
variables have to be transformed [25].

For stochastically spiking neurons, in particular, for the
simple yet phenomenologically very successful IF model, it
has turned out that spontaneous firing statistics and response
characteristics in terms of the spike train and the membrane
potential are comparatively simply related. For different types
of IF models with Gaussian noise, in Ref. [26] one of us
derived FRRs that connect the susceptibility of the firing-rate
response to the spectral statistics of spike train and subthresh-
old membrane voltage in the absence of a stimulus signal (i.e.,
only intrinsic noise is present). By the same approach, FRRs
have also been found for IF models with refractory period [27]
and shot noise [28].

In studying the effect of resonant behavior of the subthresh-
old voltage on firing-rate resonances, a response-response
relation (RRR) has been found that connects the susceptibil-
ities of the spike train and membrane voltage for a basic IF
model [29].

In this work, we will use the methods from Ref. [26] to
derive relations for different IF neurons that focus on the spon-
taneous and response statistics of the subthreshold membrane
voltage, extending FRRs for spiking neurons to a standard
observable in many neuroscientific experiments. In addition to
FRRs for the subthreshold membrane voltage of the different
models, which we confirm by comparison with stochastic
simulations, we will also derive RRRs using the methods from
Ref. [26] and alternative approaches approaches that allow
for substantial generalization of the previous RRR. We will
also combine the prior FRRs with the new FRRs and RRRs
to obtain new relations between spontaneous voltage statistics
and spike-train statistics. All these relations may turn out to
be useful (i) to estimate intracellular voltage statistics from
extracellular spike-train statistics (or the other way around),
(ii) to extract intrinsic noise statistics (power spectrum), (iii) to
validate modeling approaches to experimental data involving
the IF framework and (iv) to access statistics determining
neuron response to a stimulus from spontaneous activity in
the absence of a stimulus.

Our paper is structured as follows. We start by introducing
the IF model as well as typical measures of fluctuations and
response characteristics in Sec. II. Then, we derive the FRR
and RRR for a simple leaky IF model with white Gaussian
noise in Sec. III. In Sec. IV, we extend these relations to
the case of a more general IF model with adaptation and
colored noise. We conclude by summarizing our main results
and discussing possible applications of the derived relations
in Sec. V.

II. MODELS AND MEASURES

In the IF model, the dynamics of the subthreshold mem-
brane potential v are described by a Langevin equation

v̇ = F (v, a) + η(t ) + εs(t ), (1)

FIG. 1. Time series of the subthreshold voltage and spike train of
an IF model. We use a leaky integrate-and-fire model with F (v, a) =
μ − v and white Gaussian noise η(t ) = √

2Dξ (t ) with correlation
function 〈ξ (t )ξ (t ′)〉 = δ(t − t ′) and noise intensity D; here μ = 0.8,
D = 0.1, τref = 0 (no refractory period), and ε = 0 (no input signal).

where F captures the deterministic behavior of v and may also
include a dynamical adaptation variable a(t ) that follows its
own dynamics (see below Sec. IV). The noise term η mod-
els the stochastic influences like channel noise or fluctuating
synaptic input. We also include a time-dependent signal s(t )
scaled with a small amplitude ε which will be used below to
measure the linear response of the model; we set ε = 0 when
the spontaneous activity is modeled. Equation (1) is not yet
complete: To account for the spike generation, the Langevin
equation is endowed with a reset rule. Once v reaches a
threshold value vT , the neuron is put into a refractory state
for an absolute refractory period τref and afterwards reset to a
value vR.

The time instances at which the threshold crossings occur
are the spike times ti. The resulting spike train is the sum of
Dirac deltas centered at the spike times:

x(t ) =
∑
{ti}

δ(t − ti ). (2)

For an illustration of the IF dynamics, see Fig. 1. The fluctu-
ations of a stochastic process z(t ) [e.g., the spike train x(t ),
the membrane potential v(t ), or the input signal s(t )] can
be characterized by its power spectrum Szz. For a stationary
process, Szz describes how the variance of z(t ) is distributed
in frequency space. The distribution of the covariance of z(t )
and another stochastic process y(t ) in frequency space is given
by the cross-spectrum Szy. The cross spectrum and power
spectrum are related by the Fourier transform to the cross-
correlation and autocorrelation functions, respectively, via the
Wiener-Khinchin theorem [30]. In numerical simulations (see
Ref. [31] for the code), we use Fourier transforms for a finite
time window [0, T ]:

z̃(ω) =
∫ T

0
dt eiωt z(t ). (3)

The power and cross spectra are then defined in the limit of an
infinite window size by

Szz(ω) = lim
T →∞

〈z̃(ω)z̃∗(ω)〉
T

, Szy(ω) = lim
T →∞

〈z̃(ω)ỹ∗(ω)〉
T

.

(4)
In our simulations, we cannot perform this limit but have
to choose a sufficiently large window size by increasing T
until the statistics do not change anymore in the considered
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frequency range. The explicit choice of T is detailed in each
corresponding caption.

The response of a system to a stimulus s(t ) with a small
amplitude ε is described by linear response theory. The time-
dependent average of a stochastic process z(t ) that attains a
stationary value 〈z〉0 in the absence of a stimulus is given by

〈z(t )〉 = 〈z〉0 + ε

∫ t

−∞
dt ′ K (t − t ′)s(t ′), (5)

where K (t ) is the (linear) response function. The latter func-
tion quantifies the response to the stimulus but does not
depend on s(t ). Due to causality, K (t ) vanishes for negative
arguments, t < 0. Hence, the integral in Eq. (5) is a convo-
lution and has a straightforward representation in frequency
space. For nonvanishing frequencies, we have

〈z̃(ω)〉 = εχ (ω)s̃(ω). (6)

The Fourier transform of K is called susceptibility and
denoted by χ . Since all FRRs derived in this work are
in frequency space, we employ χ as the central response
statistics.

III. LEAKY INTEGRATE-AND-FIRE MODEL
WITH WHITE NOISE

We consider the simple case of a white-noise-driven leaky
integrate-and-fire (LIF) model without adaptation (F (v, a) =
μ − v) and refractory state (τref = 0):

v̇ = −v + μ + εs(t ) +
√

2Dξ (t ) − (vT − vR)x(t ). (7)

Here, D denotes the intensity of the white Gaussian noise,
μ is the mean input, and we have again included a weak
stimulus εs(t ). The last term incorporates in a formal man-
ner the reset rule [26,32,33]. Time is measured in multiples
of the membrane time constant τm and voltage is measured
in multiples of the threshold-reset distance (see, e.g., Ref.
[34]). We note that for μ < vT , the model operates in the
noise-driven or excitable regime, in which there is no spiking
without noise or other time-dependent input. In contrast, for
μ > vT , the voltage would repeatedly reach the threshold and
be reset even in the absence of any time-dependent driving,
which is commonly referred to as the mean-driven regime.
The no-spiking limit of the LIF model (achieved by letting the
threshold go to infinity, vT → ∞) is an Ornstein-Uhlenbeck
process.

For this model, even with a nonvanishing refractory period
(τref > 0), some statistics are analytically known: the station-
ary firing rate [5,35]

1

r0
= τref +

√
π

2

∫ zR

zT

dz ez2/2erfc(z/
√

2) (8)

= τref +
∫ ∞

0
du u−1e−u2

(e−√
2zT u − e−√

2zRu), (9)

(here zT/R = (μ − vT/R)/
√

D) and the second line is the
somewhat simpler and modified expression from Ref. [35]),

the spike-train power spectrum [12]

Sxx(ω) = r0
|Diω(zT )|2 − ∣∣e z2

R−z2
T

4 Diω(zR)
∣∣2

∣∣Diω(zT ) − eiωτref e
z2
R−z2

T
4 Diω(zR)

∣∣2
, (10)

and the spike-train susceptibility [13,14]

χx(ω) = ir0ω/
√

D

iω − 1

Diω−1(zT ) − e
z2
R−z2

T
4 Diω−1(zR)

Diω(zT ) − eiωτref e
z2
R−z2

T
4 Diω(zR)

. (11)

In the formulas above, Da(z) denotes the parabolic cylinder
function [36]. In what follows, we will set τref = 0 if not
explicitly stated otherwise.

For a vanishing refractory period, spike-train susceptibility
and cross- and power spectra of the spontaneous activity are
related via the FRR [26]:

χx(ω) = (vT − vR)Sxx(ω) + (1 + iω)Sxv (ω)

2D
. (12)

A. Fluctuation-response relation for the membrane voltage

To obtain a FRR for the membrane voltage, we follow
the Rice-Furutsu-Novikov scheme suggested in Ref. [26]. We
start by taking the Fourier transform at nonvanishing frequen-
cies and the complex conjugate of the Langevin Eq. (7). We
next multiply the equation with ṽ and take the average over a
stationary ensemble such that we have

(1 + iω)〈ṽ(ω)ṽ∗(ω)〉 =
√

2D〈ṽ(ω)ξ̃ ∗(ω)〉
− (vT − vR)〈ṽ(ω)x̃∗(ω)〉. (13)

Because the noise ξ (t ) is Gaussian, we can apply the Furutsu-
Novikov theorem [37,38] to express the cross-correlation
of ṽ and ξ̃ ∗ by the response of the mean subthreshold
membrane voltage (see Appendix A for a reminder of the
Furutsu-Novikov theorem). More specifically, we express the
covariance by the susceptibility:

〈ṽ(ω)ξ̃ ∗(ω)〉 =
√

2Dχv (ω)〈ξ̃ (ω)ξ̃ ∗(ω)〉. (14)

Using this relation in Eq. (13), dividing by the observation
time T , and letting the latter go to infinity, we obtain

(1 + iω)Svv (ω) = 2Dχv (ω)Sξξ (ω) − (vT − vR)Svx(ω).
(15)

With the flat power-spectrum of the white noise (Sξξ = 1),
we get

χv (ω) = (vT − vR)Svx(ω) + (1 + iω)Svv (ω)

2D
. (16)

This relation is a FRR: On the left appears χv , character-
izing the response of the mean subthreshold voltage to an
external stimulus (ε 	= 0); on the right we find the spectra
Svx and Svv , quantifying the spontaneous fluctuations (ε = 0).
Eqiation (16) has a similar form as the FRR for the response
of the firing rate Eq. (12). The difference between Eq. (16)
and Eq. (12) lays in the occurring response and fluctuation
statistics. The new FRR Eq. (16) is confirmed in Fig. 2 for
the noise-driven and mean-driven regime in simulations. A
first qualitative observation is that here the voltage response
decreases with increasing mean input, an effect that will be
discussed in more detail below.
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FIG. 2. Validation of the FRR Eq. (16) and the RRR Eq. (17).
Real and imaginary parts separately shown in the noise-driven
regime (a) and the mean-driven regime (b). For the FRR, we compare
simulation data for the response and fluctuation statistics, i.e., left
and right of Eq. (16), for varying frequency in units of the inverse
membrane constant with D = 0.1, time step of the stochastic sim-
ulation 
t = 10−4, N = 2 × 104 realizations, and a simulated time
window of T = 100. The response was determined from stimulation
with a broadband noise εs(t ) with power in the range [−100, 100],
scaled such that s(t ) has unit variance and ε = 1. For validating
the RRR, we compare the simulation data with the analytical result
provided by Eq. (17) for χv . Remaining parameters: μ = 0.8, r0 ≈
0.37τ−1

m (a) and μ = 1.2, r0 ≈ 0.73τ−1
m (b).

B. Response-response relation for voltage and spike train

As we demonstrate in this section, there is a simple rela-
tionship between the response functions of the subthreshold
membrane voltage and that of the firing rate:

χv (ω) = 1 − (vT − vR)χx(ω)

1 − iω
. (17)

This relation (also confirmed in the numerical tests in Fig. 2)
provides via the knowledge of χx [Eq. (11)] an analytical
result for the susceptibility of the voltage of an LIF model
with white noise. It was originally found for the latter model
by Richardson et al. [29] with the derivation presented in [39].
Here, we show that this RRR holds true for more general IF
models. To do so, we derive Eq. (17) in different ways: (a)
by the Rice-Furutsu-Novikov method from Ref. [26], (b) by
linear-response theory applied to Eq. (7), and (c) by linear-
response theory applied to the Fokker-Planck equation similar
to Ref. [39]. Method (a) shows that Eq. (17) holds true for
colored-Gaussian noise and method (b) extends the RRR to
colored non-Gaussian noise as long as its mean value van-
ishes. Finally, method (c) allows us to derive a relation for
an LIF neuron with white Gaussian noise and an additional
refractory period after each spike. Hence, we think that the
three methods introduced above each have their own merits
and are thus worth being presented in detail.

(a) Derivation using the Rice-Furutsu-Novikov method.
First, we Fourier transform the Langevin Eq. (7), multiply

with ξ̃ ∗, and take the average over a stationary ensemble. At
nonvanishing frequencies, we get

(1 − iω)〈ṽ(ω)ξ̃ ∗(ω)〉 =
√

2D〈ξ̃ (ω)ξ̃ ∗(ω)〉
− (vT − vR)〈x̃(ω)ξ̃ ∗(ω)〉. (18)

Then, using the Furutsu-Novikov theorem, we replace the
averages containing the spike train and the subthreshold
membrane potential by the susceptibility of spike train and
subthreshold membrane potential, respectively,

〈ṽ(ω)ξ̃ ∗(ω)〉 =
√

2Dχv (ω)〈ξ̃ (ω)ξ̃ ∗(ω)〉,
〈x̃(ω)ξ̃ ∗(ω)〉 =

√
2Dχx(ω)〈ξ̃ (ω)ξ̃ ∗(ω)〉. (19)

The only remaining average in Eq. (18) then is 〈ξ̃ (ω)ξ̃ ∗(ω)〉
and that is a common factor to all terms in the equation. We
can ensure that this common factor does not vanish by divid-
ing by the observation time T and taking T → ∞, resulting
in the nonzero power spectrum of the white noise:

(1 − iω)
√

2Dχv (ω)Sξξ (ω) =
√

2DSξξ (ω) − (vT − vR)
√

2D

× χx(ω)Sξξ (ω). (20)

We cancel Sξξ and solve for χv to obtain a RRR between the
two response statistics χx and χv:

χv (ω) = 1 − (vT − vR)χx(ω)

1 − iω
. (21)

We can repeat all the steps above for the case of a colored
instead of white Gaussian noise, i.e., this derivation also ap-
plies for an IF neuron with a correlated Gaussian noise as
we have tested in numerical simulations (not shown). The
Gaussian property of the noise though is still essential because
we invoked the Furutsu-Novikov theorem. So, this approach
extends the RRR to colored Gaussian noise but breaks down
for non-Gaussian noise.

(b) Derivation using linear response in the LIF equation.
Here, we do not rely on the Furutsu-Novikov theorem to in-
troduce the response statistics into the relation. We just apply
linear response theory in combination with a certain stimulus.

Consider Eq. (7) driven by a complex exponential with
amplitude ε and frequency ω:

v̇ = −v + μ +
√

2Dξ (t ) − (vT − vR)x(t ) + εe−iωt . (22)

Averaging yields an ordinary differential equation for the
time-dependent average of v:

d

dt
〈v(t )〉 = −〈v(t )〉 + μ − (vT − vR)〈x(t )〉 + εe−iωt . (23)

The noise drops out as it has zero mean. This is the reason
the RRR resulting from this approach holds for a more gen-
eral class of noise processes. For the special case of white
Gaussian noise, the dynamics of the time-dependent average
of the subthreshold voltage can also be obtained from the cor-
responding Fokker-Planck Eq. (29) by multiplication with v,
integrating over the entire range of v, and taking into account
the boundary conditions when integrating by parts.

044404-4



FLUCTUATION-RESPONSE RELATIONS AND … PHYSICAL REVIEW E 112, 044404 (2025)

Next, we apply linear response theory to the time-
dependent averages of spike train and voltage:

〈v(t )〉 = 〈v〉0 + εe−iωtχv (ω), (24)

〈x(t )〉 = r0 + εe−iωtχx(ω), (25)

where 〈v〉0 is the stationary average of the voltage, r0 the
stationary average of the spike train, i.e., the stationary firing
rate, and χv and χx are the susceptibilities of voltage and
spike train, respectively. These relations follow from Eq. (5)
for s(t ′) = e−iωt ′

and the definition of the susceptibility as the
Fourier transform of the response function.

Inserting Eqs. (24) and (25) into Eq. (23) yields

−iωεe−iωtχv (ω) = − εe−iωt [χv (ω) − (vT − vR)χx(ω) + 1]

− 〈v〉0 + μ − (vT − vR)r0. (26)

Separating by order of ε gives two relations. In zeroth order,
we obtain a relation between the stationary average of the volt-
age and the stationary firing rate, which was already derived
in Ref. [40]:

〈v〉0 = μ − (vT − vR)r0. (27)

In first order, we obtain the RRR:

χv (ω) = 1 − (vT − vR)χx(ω)

1 − iω
. (28)

This relation is more general as it is not limited by the re-
quirements of the Furutsu-Novikov theorem (Gaussianity of
the noise), i.e., Eq. (28) [thus also Eq. (17)] also holds for
non-Gaussian noise such as Poissonian shot noise; we have
tested and confirmed the relation for shot noise (not shown).

(c) Derivation using the Fokker-Planck equation. We follow
the method by which an analytical result for the response
of the firing rate was obtained in terms of confluent hyper-
geometric functions [9,13] or, equivalently, and used in the
following, parabolic cylinder functions [12,14,41].

Consider the Fokker-Planck equation for the time-
dependent probability density P(v, t ), corresponding to the
LIF model driven by a complex exponential with a small
amplitude, Eq. (22):

∂t P(v, t ) = ∂v (v − μ − εe−iωt + D∂v )P(v, t )

+ r(t )δ(v − vR). (29)

The source term at the reset voltage in the second line and an
absorbing boundary condition at the threshold voltage reflect
the reset rule. Furthermore, the probability density vanishes
for v → −∞ and we require continuity at the reset voltage.
All these conditions read

lim
v→−∞ P(v, t ) = 0,

lim
ε→0

P(vR − ε, t ) − P(vR + ε, t ) = 0,

P(vT , t ) = 0.

(30)

Due to the time-dependence of the stimulus, Eq. (29) has no
stationary solution. However, in the long-time limit the prob-
ability density approaches a cyclo-stationary solution with a
time dependence that exclusively is due to the stimulus [9,42],

suggesting the following linear-response ansatz:

P(v, t ) = P0(v) + εe−iωt e−(v)e+(vR)q(v). (31)

Here, P0 is the stationary density for ε = 0, q describes the
cyclo-stationary modulation of the density and e± are abbre-
viations for Gaussian functions that simplify the calculations

e∓(v) = exp

[
∓ (v − μ)2

4D

]
. (32)

We obtain a formula for the response of the mean subthreshold
voltage by combining Eq. (24) and 〈v(t )〉 expressed through
an integral over P,

〈v(t )〉 =
∫ vT

−∞
dv v P(v, t )

=
∫ vT

−∞
dv v P0(v) + εe−iωt e+(vR)

∫ vT

−∞
dv e−(v)q(v),

(33)

where we used Eq. (31). Comparing Eq. (24) and Eq. (33), we
obtain

χv (ω) = e+(vR)
∫ vT

−∞
dv v e−(v)q(v). (34)

The main part of the derivation of the RRR using the Fokker-
Planck equation is to calculate this integral. To that end, we
still need to specify q. The function q can be obtained from
an ordinary differential equation that results from inserting
Eq. (31) into Eq. (29) and taking only the linear terms in ε

(see Ref. [41] and, equivalently, Ref. [9]). With the solution
for q ([41], p. 126), Eq. (34) reads

χv (ω) = χx(ω)e+(vR)I (vR) −
∫ vT

−∞
dvS P′

0(vS )e+(vS )I (vS ),

(35)

where the function I (v
) (
 = R, S) is given by

I (v
) = 1

Dq1(vT )

[
q1(v
)q2(vT )

∫ vT

−∞
dv v e−(v)q1(v)

− q1(vT )q2(v
)
∫ v


−∞
dv v e−(v)q1(v)

− q1(v
)q1(vT )
∫ vT

v


dv v e−(v)q2(v)

]
, (36)

and q1, q2 are parabolic cylinder functions [36]:

q1(v) = U

(
−1

2
− iω,

μ − v√
D

)
,

q2(v) =
√

π

2
V

(
−1

2
− iω,

μ − v√
D

)
, (37)

where the prefactor in the second line is a consequence of
setting the Wronskian of the two solutions to unity. Note that
we use a different notation for the parabolic cylinder functions
than used in Eqs. (10) and (11). To obtain the RRR from
Eq. (35), we exploit the properties of the parabolic cylinder
functions, a known relation for χx and make use of the normal-
ization of and boundary conditions for the stationary density.
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Evaluating the integrals involving q1, q2 in I (see
Appendix B for details) yields

I (v
) = 1

iω(1 − iω)

[
e−(vT )

q1(v
)

q1(vT )
(μ − iωvT )

− e−(v
)(μ − iωv
)

]
. (38)

Inserting Eq. (38) back into Eq. (35) yields

χv (ω) = 1

iω(1 − iω)

{
χx(ω)

[
iωvR − μ

+ e+(vR)e−(vT )
q1(vR)

q1(vT )
(μ − iωvT )

]

−
[

μ − iωvT

q1(vT )
e−(vT )

∫ vT

−∞
dvS P′

0(vS )e+(vS )q1(vS )

−
∫ vT

−∞
dvS P′

0(vS )(μ − iωvS )

]}
. (39)

The evaluation of the two remaining integrals is straightfor-
ward. The first integral appears in a general expression for the
rate susceptibility (Lindner, unpublished result), which can be
obtained from the calculational approach presented above and
reads

χx(ω) = e−(vT )
∫ vT

−∞ dvS P′
0(vS )e+(vS )q1(vS )

e−(vT )e+(vR)q1(vR) − q1(vT )
. (40)

Hence, we can express the first integral in Eq. (39) by the rate
susceptibility χx as follows:

e−(vT )
∫ vT

−∞
dvS P′

0(vS )e+(vS )q1(vS )

= χx(ω)[e−(vT )e+(vR)q1(vR) − q1(vT )]. (41)

The second integral in Eq. (39) is solved using integration by
parts, the normalization of P0, and the boundary conditions of
Eq. (29) that also hold for P0:∫ vT

−∞
dvS P′

0(vS )(μ − iωvS )

= P0(vS )(μ − iωvS )
∣∣∣vT

−∞
+ iω

∫ vT

−∞
dvS P0(vS )

= iω. (42)

Inserting Eq. (41) and Eq. (42) into Eq. (39), some terms
cancel and we arrive at the RRR:

χv (ω) = χx(ω)

iω(1 − iω)

[
e+(vR)e−(vT )

q1(vR)

q1(vT )
(μ − iωvT )

− μ + iωvR + μ − iωvT

− e+(vR)e−(vT )
q1(vR)

q1(vT )
(μ − iωvT )

]
+ 1

1 − iω

= 1 − (vT − vR)χx(ω)

1 − iω
. (43)

While this approach is the most involved requiring solving the
Fokker-Planck equation first, it has an advantage compared to

the other two, namely, only a few modifications are necessary
to extend the RRR to the case of a nonvanishing refractory
period (τref 	= 0), as we show next.

When we now calculate the time-dependent mean value of
the voltage, we also have to take into account the probability
to be in the refractory state (clamped at vR following the
reset). The time-dependent mean value can be expressed by
probability density P(v, t ) and the time-dependent probability
Pref(t ) to be in the refractory state as follows:

〈v(t )〉 =
∫ vT

−∞
dv P(v, t ) + vRPref(t ) (44)

=
∫ vT

−∞
dv P(v, t ) + vR

∫ t

t−τref

dt ′ r(t ′). (45)

Inserting the linear response ansatz for P(v, t ) Eq. (31) and
the linear response relation for the time-dependent firing rate
Eq. (25), we obtain

〈v(t )〉 = εe−iωt

[
e+(vR)

∫ vT

−∞
dv e−(v)q(v)

+ vRB̃τref (ω)χx(ω)

]

+
∫ vT

−∞
dv v P0(v) + vRr0τref , (46)

where

B̃τref (ω) = eiωτref − 1

iω
(47)

is the Fourier transform of a box-car function. The linear order
in the stimulus yields a modified version of Eq. (34) that gives
an expression for the susceptibility of the membrane potential
with finite refractory period during which the voltage is kept
at the reset value:

χv (ω) = e+(vR)
∫ vT

−∞
dv e−(v)q(v) + vRB̃τref (ω)χx(ω)

= : Q(ω) + vRB̃τref (ω)χx(ω). (48)

This formula contains two parts: Q which is the integral term
that we evaluated for τref = 0 and a new correction that is
due to the voltage behavior during the refractory period. In the
latter, we already find χx and no additional calculations are
needed here. The integral term, however, still requires some
consideration. The refractory period also enters the Fokker-
Planck equation as a delay in the source term at the reset
voltage:

∂t P(v, t ) = P(v, t ) + (v − μ − εe−iωt )∂vP(v, t )

+ D∂2
v P(v, t ) + r(t − τref )δ(v − vR). (49)

This leads to an additional exponential factor in q such that
Eq. (35) reads

Q(ω) = χx(ω)eiωτref e+(vR)I (vR)

−
∫ vT

−∞
dvS P′

0(vS )e+(vS )I (vS ). (50)

Crucially, I remains unchanged and Eq. (38) still holds.
Hence, Eq. (39) is also only endowed with an exponential
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factor:

Q(ω) = 1

iω(1 − iω)

{
χx(ω)eiωτref

[
iωvR − μ

+ e+(vR)e−(vT )
q1(vR)

q1(vT )
(μ − iωvT )

]

−
[

μ − iωvT

q1(vT )
e−(vT )

∫ vT

−∞
dvS P′

0(vS )e+(vS )q1(vS )

−
∫ vT

−∞
dvS P′

0(vS )(μ − iωvS )

]}
. (51)

The two integrals in Eq. (51) are the same as in the nonre-
fractory case. Here, however, they yield different results. The
equivalent version of Eq. (40) in the refractory case reads

χx(ω) = e−(vT )
∫ vT

−∞ dvS P′
0(vS )e+(vS )q1(vS )

eiωτref e−(vT )e+(vR)q1(vR) − q1(vT )
(52)

and permits us to simplify the first integral as follows:

e−(vT )
∫ vT

−∞
dvS P′

0(vS )e+(vS )q1(vS )

= χx(ω)[eiωτref e−(vT )e+(vR)q1(vR) − q1(vT )]. (53)

The calculation of the second integral yields an additional
term that combines the spontaneous firing rate and the refrac-
tory period:∫ vT

−∞
dvS P′

0(vS )(μ − iωvS )

= P0(vS )(μ − iωvS )
∣∣∣vT

−∞
+ iω

∫ vT

−∞
dvS P0(vS )

= iω[1 − r0τref]. (54)

The additional term stems from the normalization of P0. For
τref 	= 0, we have to account for the probability to be in the
refractory state

1 =
∫ vT

−∞
dvS P0(vS ) + r0

∫ t

t−τref

dt ′. (55)

Inserting Eqs. (53) and (54) into Eq. (51) yields

Q(ω) = 1 − r0τref − [vT − vReiωτref + μB̃τref (ω)]χx(ω)

1 − iω
.

(56)

Taking Eq. (56) together with the other parts of Eq. (48), we
obtain the RRR for a finite refractory period and the case of a
clamped voltage

χv (ω) = 1 − τref r0 − [vT − vR + (μ − vR)B̃τref (ω)]χx(ω)

1 − iω
,

(57)

where

B̃τref (ω) = eiωτref − 1

iω
, (58)

and we have to use Eq. (11) that includes a dependence on
the refractory period τref. Compared to Eq. (43), the RRR for

FIG. 3. Validation of the RRR for a nonvanishing refractory pe-
riod, Eq. (57). Comparing χv from simulations (dots) and χv from
Eq. (57) using Eq. (11) for χx (solid line) for mean input μ = 0.8,
noise intensity D = 0.1, and refractory period τref = 0.5τm < 1/r0 ≈
3.2τm. The response was determined from stimulation with a broad-
band noise εs(t ) with power in the range [−100, 100], scaled such
that s(t ) has unit variance and ε = 1. The dashed gray line corre-
sponds to χv in the nonrefractory case from Fig. 2(a).

τref 	= 0 contains some additional frequency-dependent and
constant terms. In particular, the mean input appears as an
explicit parameter in the relation while for τref = 0 it only ap-
pears implicitly through χx. We have tested an LIF model with
white Gaussian noise and a nonvanishing refractory period
and confirmed the more general RRR Eq. (57), see Fig. 3. The
difference to the case of a vanishing refractory period (gray
dashed lines) is particularly pronounced at low frequencies.
The RRR Eq. (57) can also be obtained using the voltage
dynamics as proposed in Ref. [27] for approach (b). Here,
the behavior of the voltage during the refractory period enters
the Langevin equation directly. Note, however, that the most
complicated case of a nonvanishing refractory period and a
colored noise cannot be treated by this method.

(d) Comparison of the susceptibilities. The RRR consti-
tutes a connection between the firing-rate susceptibility and
the susceptibility of the subthreshold membrane voltage. For
nonweak noise, this typically implies that if one susceptibility
is large, the other one is small, an effect which is illustrated in
Fig. 4 by a variation of the mean input μ. Without input (μ =
0), the LIF model spikes only rarely and the membrane volt-
age is close to an Ornstein-Uhlenbeck process (equivalent to
Eq. (7) without reset term). Consequently, the low-pass-filter
susceptibility of this linear process [black line in Fig. 4(a)],

χOUP(ω) = 1

1 − iω
, (59)

is a good approximation for χv (ω) (red line); the spike-train
susceptibility (blue line) is low for μ = 0, related to the low
firing rate. For an intermediate value of the input (μ = 0.5),
the firing rate r0 and the spike-train susceptibility are enlarged
and the latter becomes comparable in magnitude to χv (ω)
(Fig. 4(b)). Finally, for a strong mean input (μ = 1.2), χx(ω)
clearly exceeds χv (ω) [Fig. 4(c)].

C. Power spectrum of the subthreshold membrane voltage

We can combine the relations derived in this work
[Eqs. (16) and (17)] with Eq. (12) to express the power
spectrum of the subthreshold membrane voltage in terms of
statistics that are analytically known, leading to an analytical
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(a) (b) (c)

FIG. 4. Comparison of χx and χv . Analytical results for χx [Eq. (11)] and χv (Eq. (17) using the known result for χx). The mean input μ

and, consequently, the firing rate r0(μ) vary across the panels: (a) no input, i.e., μ = 0, r0 ≈ 0.01τ−1
m ; (b) noise-induced firing regime with

μ = 0.5, r0 ≈ 0.15τ−1
m ; and (c) mean-driven regime with μ = 1.2, r0 ≈ 0.73τ−1

m . In all panels, the noise intensity is D = 0.1.

results for Svv:

Svv (ω) = (vT − vR)2Sxx(ω) + 2D[1 − 2(vT − vR)Reχx(ω)]

1 + ω2
.

(60)

It is confirmed by simulations in the noise-driven and mean-
driven regime, see Fig. 5. For nonweak noise, increasing the
mean input reduces the power at low frequencies significantly
while a small maximum appears at intermediate frequencies
in the mean-driven regime.

IV. GENERAL INTEGRATE-AND-FIRE MODEL
WITH ADAPTATION AND COLORED NOISE

We now consider a more general nonrefractory model that
includes additional important features of neural dynamics,
namely, nonlinear subthreshold dynamics, temporally corre-
lated noise, and spike-frequency adaptation:

v̇ = f (v) − a + η(t ) − (vT − vR)x(t )

τaȧ = −a + τa
ax(t ).
(61)

Here, instead of the linear term μ − v, we have a general
nonlinear function f and replace the white Gaussian noise
with a temporally correlated (colored) Gaussian noise η(t )

FIG. 5. Numerical validation of Eq. (60). Comparing the predic-
tion of Svv based on Eq. (60) (solid lines) and Svv from simulation
data (dots) for varying frequency in units of the inverse membrane
constant and different mean inputs μ. The noise intensity is D = 0.1.

with correlation function Cηη(τ ) and power spectrum Sηη(ω).
Furthermore, the adaptation variable a(t ) represents an in-
hibitory current that drives the membrane voltage away from
the threshold. The dynamics of a are given in the second line.
In the absence of spikes, a decays exponentially with time
constant τa. Since adaptation is a slow process, τa/τm � 1. In
this work, we use τa = 100τm in simulations. A spike causes
an instantaneous jump in a of size 
a. For a deterministic
version of this model, see Refs. [43,44].

In this more general model, spike-train susceptibility and
spontaneous statistics are also related by an FRR [26],

χx(ω) =
(
vT − vR + τa
a

1+iωτa

)
Sxx(ω) + iωSxv (ω) − Sx f (ω)

Sηη(ω)
,

(62)

where Sx f is the cross-spectrum of the spike train and f .
Adaptation enters the FRR as a frequency-dependent coeffi-
cient of Sxx. The adaptation parameters (τa and 
a) cannot
be measured directly but accessible through an extra set of
step-current experiments [45].

A. Fluctuation-response relation for the membrane voltage

To derive a FRR for the general IF model with adaptation
and colored noise, we can still rely on the Rice-Furutsu-
Novikov scheme [26]. Again, we start with Eq. (61) in Fourier
space, and take the complex conjugate

iωṽ∗(ω) = f̃ ∗(ω) − ã∗(ω) + η̃∗(ω)

− (vT − vR)x̃∗(ω)

(1 + iτaω)ã∗(ω) = τa
ax̃∗(ω). (63)

We can eliminate ã∗ in the first line using the second line such
that only one equation remains

iωṽ∗(ω) = −
(
vT − vR + τa
a

1+ iτaω

)
x̃∗(ω) + f̃ ∗(ω) + η̃∗(ω).

(64)
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Next, we multiply by ṽ and take the average over a stationary
ensemble

iω〈ṽ(ω)ṽ∗(ω)〉 = −
(

vT − vR + τa
a

1 + iτaω

)
〈ṽ(ω)x̃∗(ω)〉

+ 〈ṽ(ω) f̃ ∗(ω)〉 + 〈ṽ(ω)η̃∗(ω)〉. (65)

As in the case of white noise, the Furutsu-Novikov theorem
provides an expression for the average product of voltage and
noise that introduces the susceptibility of the subthreshold
voltage:

〈ṽ(ω)η̃∗(ω)〉 = χv (ω)〈η̃(ω)η̃∗(ω)〉. (66)

Inserting this relation into Eq. (65), and replacing the averages
by the corresponding cross- and power spectra yields

iωSvv (ω) = Sv f (ω) + χv (ω)Sηη(ω)

−
(

vT − vR + τa
a

1 + iτaω

)
Svx(ω). (67)

Solving for χv yields the FRR:

χv (ω) =
(
vT − vR + τa
a

1+iωτa

)
Svx(ω) + iωSvv (ω) − Sv f (ω)

Sηη(ω)
.

(68)

Apparently, this is similar to Eq. (62): the first index x has
simply been replaced by the index v in all cross- and power
spectra. In complete analogy, we can also multiply with f̃
instead of ṽ and carry out all the subsequent steps outlined
above, yielding

χ f (ω) =
(
vT − vR + τa
a

1+iωτa

)
S f x (ω) + iωS f v (ω) − S f f (ω)

Sηη(ω)
.

(69)

In the following, we content ourself with a numerical test of
Eq. (68), using an exponential nonlinearity

f (v) = μ − v + 
v e
v−vt

v , (70)

where 
v = 0.2 and vt = 1 characterize the width and tran-
sition from linear to exponential behavior. Furthermore, for
the colored noise we select a lowpass-filtered Gaussian noise,
an Ornstein-Uhlenbeck process with exponential correlation
function and Lorentzian power spectrum:

Cηη(τ ) = σ 2e− |τ |
τc , Sηη(ω) = 2σ 2τc

1 + (ωτc)2
. (71)

Here, σ 2 and τc are the variance and correlation time of the
Ornstein-Uhlenbeck process, respectively.

In Fig. 6, we demonstrate the validity of Eq. (68) for
two distinct parameters sets. In Fig. 6(a), we use a strong
and slow adaptation with 
a = 1, resulting in a highpass
shape of the susceptibility with reduced transmission of low-
frequency stimuli. The estimation of the susceptibility via
the spontaneous activity using the FRR provides a smooth
curve that agrees well with the susceptibility obtained from
a broadband stimulation. Because the firing rate is strongly
reduced by the adaptation in this case, the Ornstein-Uhlenbeck
approximation Eq. (59) for the susceptibility describes the
voltage susceptibility at high frequencies well; the main effect
of the adaptation (that is not included in this approximation)
dominates at low frequencies.

FIG. 6. Numerical validation of the voltage FRR Eq. (68). Real
and imaginary parts separately shown for strong adaptation 
a = 1
(a) and weak adaptation 
a = 0.005 (b). Comparing response statis-
tics and fluctuation statistics, i.e., left and right parts of Eq. (68),
for varying frequency in units of the inverse membrane constant
with μ = 0.8, vR = 0, vT = 1.5, time step of 
t = 5 × 10−5, N =
4 × 104 realizations and a total simulated time of T = 2000. Colored
noise is realized by an Ornstein-Uhlenbeck process with correlation
time τOUP = 10 and variance σ 2 = 0.5. The response was determined
from stimulation with a broadband noise εs(t ) with power in the
range [−100, 100], scaled such that s(t ) has unit variance and ε = 1.
Solid black line shows the response of the Ornstein-Uhlenbeck pro-
cess Eq. (59).

In Fig. 6(b), we use a weak adaptation with 
a = 0.005
that still reduces the firing rate substantially [from r0(
a =
0) = 0.26 to r0(
a = 0.005) = 0.22]. The reduction of trans-
mission at low frequencies is not present anymore and the
Ornstein-Uhlenbeck approximation does not fit the suscep-
tibility except at very high frequencies. Nevertheless, the
agreement between the directly measured susceptibility and
the one estimated from the spontaneous activity is still good.
The divergence and deviations at high frequencies are caused
by the power spectrum of the noise in the denominator as the
power of the Ornstein-Uhlenbeck noise is strongly reduced at
high frequencies for the chosen parameters.

B. Response-response relation for membrane voltage,
voltage nonlinearity, and spike train

For the general IF model with adaptation and Gaus-
sian colored noise, we can derive RRR between different
susceptibilities too. Specifically, for a stimulus in the form of a
complex exponential, the linear response in the various mean
values define the susceptibilities χ (ω) as follows:

〈v(t )〉 = 〈v〉0 + εe−iωtχv (ω)

〈x(t )〉 = r0 + εe−iωtχx(ω),

〈 f (v)〉 = 〈 f 〉0 + εe−iωtχ f (ω),

〈a(t )〉 = 〈a〉0 + εe−iωtχa(ω).

(72)
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FIG. 7. Numerical validation of the RRR Eq. (75). Real and
imaginary parts separately shown for strong adaptation 
a = 1 (a)
and weak adaptation 
a = 0.005 (b). Comparing direct measure-
ment of χx and estimate from Eq. (75) for varying frequency in
units of the inverse membrane constant with μ = 0.8, τa = 100,
vt = 1, 
v = 0.2, vR = 0, vT = 1.5, time step of 
t = 5 × 10−5,
N = 4 × 104 realizations and a total simulated time of T = 2000.
Colored noise is realized by an Ornstein-Uhlenbeck process with
correlation time τOUP = 10 and variance σ 2 = 0.5. The response
was determined from stimulation with a broadband noise εs(t ) with
power in the range [−100, 100], scaled such that s(t ) has unit vari-
ance and ε = 1.

To calculate the RRR, we apply the generalization of method
(b) of Sec. III B and perform an ensemble average of Eq. (61),

d

dt
〈v(t )〉 = 〈 f (v)〉 − 〈a(t )〉 − (vT − vR)〈x(t )〉 + εe−iωt ,

τa
d

dt
〈a(t )〉 = −〈a(t )〉 + τa
a〈x(t )〉, (73)

where the zero-mean noise drops out. Upon insertion of
Eq. (72) into these equations, we obtain two equations for the
stationary mean values (zeroth order in ε)

〈 f 〉0 = 〈a〉0 + (vT − vR)r0, 〈a〉0 = τa
ar0, (74)

relations that can be easily used to express 〈 f 〉0 by the fir-
ing rate (without using the inaccessible mean value of the
adaptation variable). The first order in ε yields two more
equations that can be combined to obtain a relation between
the susceptibilities:

χx(ω) = 1 + iωχv (ω) + χ f (ω)

vT − vR + τa
a
1−iωτa

. (75)

This relation is verified in Fig. 7 for the two parameter sets
that we used already in Fig. 6. Here, we can use the same
simulation for estimation of the left-hand side and right-hand
side; we find a good agreement for both parameter sets.

C. Power spectrum of the subthreshold membrane voltage

We can obtain a generalized version of Eq. (60) accounting
for the general function f , the adaptation current, and the col-
ored noise. We combine the FRR for the response of the spike
train Eq. (62), the FRR for the response of the subthreshold
membrane potential Eq. (68), the FRR for the response of f
Eq. (69), and the RRR Eq. (75), yielding the relation

ω2Svv (ω) − 2ωImSv f (ω) + S f f (ω)

= (vT − vR)2Sxx(ω) + Sηη(ω)[1 − 2(vT − vR)Reχx(ω)]

+ τa
a

1 + ω2τ 2
a

{[2(vT − vR) + τa
a]Sxx(ω)

− 2Sηη(ω)[Reχx(ω) − τaωImχx(ω)]}. (76)

When considering specifically the LIF model, f (v) = μ − v,
the FRR Eq. (68) is given by

χv (ω) =
(
vT − vR + τa
a

1+iωτa

)
Svx(ω) + (1 + iω)Svv (ω)

Sηη(ω)
,

(77)

and the RRR Eq. (75) simplifies to

χx(ω) = 1 − (1 − iω)χv (ω)

vT − vR + τa
a
1−iωτa

. (78)

Further, we obtain a relation for the power spectrum of the
subthreshold membrane potential

Svv (ω)

= (vT − vR)2Sxx(ω) + Sηη(ω)[1 − 2(vT − vR)Reχx(ω)]

1 + ω2

+ τa
a

(1 + ω2τ 2
a )(1 + ω2)

{[2(vT − vR) + τa
a]Sxx(ω)

− 2Sηη(ω)[Reχx(ω) − τaωImχx(ω)]}. (79)

This expresses the power spectrum solely by the spontaneous
and response statistics of the spike train and the noise spec-
trum. The second line resembles the original relation Eq. (60);
only the noise intensity is replaced by Sηη. The third and fourth
lines correspond to the contributions to the power spectrum
due to adaptation. We tested and confirmed Eq. (76) and
Eq. (79) (results not shown).

V. SUMMARY AND CONCLUSIONS

In this work, we have established various relations linking
spontaneous and response statistics of subthreshold mem-
brane potential and spike train of different IF models, see
Table I. Following the methods from Ref. [26], we have found
FRRs for the response of the subthreshold voltage, RRRs
between voltage and spike-train responses, and expressions
for the power spectrum of the voltage independent of other
voltage statistics.

The derived relations might be useful for various applica-
tions. First, the FRRs could be used as in statistical physics:
estimating the response characteristics based on the sponta-
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TABLE I. Overview of derived relations.

Model Voltage FRR RRR Voltage power spectrum

LIF model with Gaussian white noise Eq. (16) Eq. (17)a,b Eq. (60)a

LIF model with Gaussian white noise and refractory period Eq. (57)a

General IF model with adaptation and Gaussian colored noise Eq. (68) Eq. (75)b

LIF model with adaptation and Gaussian colored noise Eq. (77) Eq. (78) Eq. (79)

aIndicates an analytical result.
bMarks results that also hold for non-Gaussian noise.

neous fluctuations. For instance, the combination of RRRs and
FRRs explains how fluctuations of the subthreshold voltage in
absence of a stimulus signal determine the response of the
firing rate. Second, assuming a certain neuron is described
by a specific IF model, the derived relations propose crite-
ria by which to judge the validity of this choice of model.
Third, similar to the FRR for the response of the spike train
[1], one could estimate the power spectrum of the intrinsic
colored noise using the FRR for the voltage and the relation
for the power spectrum of the voltage by measuring the other
statistics in these relations. Fourth, the RRR could be used
to estimate the response statistics of the membrane voltage
from the spike-train susceptibility alone (or the other way
around), i.e., measuring one susceptibility gives the other one
for free using the RRR. Notably, the RRR does not require
knowledge of the noise statistics, in contrast to the FRRs.
Finally, the relation for the power spectrum of the voltage can
be likewise leveraged to estimate the voltage spectrum from
spike-train statistics; here, the knowledge of the intrinsic noise
level is required, which can be, at least for the LIF model with
white Gaussian noise, uniquely determined from firing rate
and coefficient of variation of the spike train [46].

An open problem is the extension of the RRR in the
refractory case to account for the voltage behavior during
the spike by means of the Rice-Furutsu-Novikov method as
employed in Ref. [27] and to obtain an FRR for the response
of the voltage in the same way. Especially, colored noise with
correlations that persist over the refractory period poses a
challenge. Recently, a Furutsu-Novikov-like relation for shot
noise was found and used to derive an FRR for the response
to a rate-modulated stimulus [28]. In combination with the
RRRs derived in this work, that also hold for non-Gaussian
shot noise, the presented framework could be extended. The
Rice-Furutsu-Novikov method used in our derivations could
also be applied to models with additional variables besides
voltage and adaptation, for instance, to multicompartment
models, models with a bursting mechanism or models that
display resonant subthreshold behavior [29,47]. For resonant
models, it would be interesting to further explore the re-
lation between the different resonances in spike train and
subthreshold voltage as already addressed in Refs. [29,39].
Furthermore, regarding the information transmission proper-
ties of resonating neurons, the following has to be considered:
Both susceptibility and spontaneous power spectrum appear in
the spectral coherence function, a frequency-resolved measure
of information transmission [48]. An FRR between suscepti-
bility and spectrum may be useful to explain the so far poorly
understood bandpass character of the coherence of resonate-
and-fire neurons [49].
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APPENDIX A: REMINDER OF THE FURUTSU-
NOVIKOV THEOREM

The Furutsu-Novikov theorem states [37,38] that the
cross-correlation of a zero-mean Gaussian process η and a
functional F [η] is given by

〈F [η]η(t )〉 =
∫ ∞

∞
dt ′ Cηη(t − t ′)

〈
δF [η]

δη(t ′)

〉
. (A1)

It requires only the Gaussianity of the stochastic process η(t )
and makes no further restrictions on its correlation function.
The functional derivative on the right gives the linear response
function K which describes the mean of F [η] subject to a
weak additional signal εs(t ), i.e. within linear response theory,
we can write

〈F [η]〉 = 〈F [η]〉0 + ε

∫ t

−∞
dt ′ K (t − t ′)s(t ′), (A2)

where 〈F [η]〉0 is the unperturbed stationary mean value of
the functional. With K , we can write the Furutsu-Novikov
theorem Eq. (A1) as a convolution

〈F [η]η(t )〉 = (Cηη ∗ K )(t ). (A3)

Equivalently, in Fourier space it reads

SF [η]η(ω) = Sηη(ω)χ (ω), (A4)

where χ (ω) is the Fourier transform of K (t ).
We apply this to our calculations by considering the

subthreshold voltage and spike train as functionals of the
Gaussian noise.

APPENDIX B: DETAILS OF THE SIMPLIFICATION
OF EQ. (36)

To calculate I (v
), given in Eq. (36), we make use of
special relations for the parabolic cylinder functions called
recurrence relations. With these relations, we can evaluate the
integrals involving parabolic cylinder functions and simplify
the resulting terms.

First, we break down the full expression into smaller pieces
that we consider separately:

I (v
) = 1

Dq1(vT )
[q1(v
)q2(vT )J1(vT ) − q1(vT )q2(v
)J1(v
)

− q1(v
)q1(vT )J2(v
)], (B1)
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with

J1(vk ) :=
∫ vk

−∞
dv v e−(v)q1(v) , k = T, 


J2(v
) :=
∫ vT

v


dv v e−(v)q2(v). (B2)

The integrands of these integrals differ only in the occurring
parabolic cylinder functions q1, q2 [see Eq. (37)], leading to
similar steps in the calculation. Thus, we only present the
calculation of J1 in detail and comment on deviations in the
calculation of J2.

The first step is an integration by parts:

J1(vk ) = v Q1(−1/2 − iω, v)
∣∣vk

−∞

−
∫ vk

−∞
dv Q1(−1/2 − iω, v), (B3)

where Q1(−1/2 − iω, v) is the antiderivative of e−(v)
U (−1/2 − iω, zv ) (here, zu = (μ − u)/

√
D), i.e.,

dQ1(−1/2 − iω, v)/dv = e−(v)U (−1/2 − iω, zv ). Using
the recurrence relation (see (19.6.2) in Ref. [36])

d

dz
U (a, z) − z

2
U (a, z) + U (a − 1, z) = 0, (B4)

and the product rule for differentiation of e−(v)U (a, zv ) with
respect to v, it is straightforward to show that

Q1(a, v) =
√

DU (a + 1, zv )e−(v). (B5)

Analogously for the antiderivative Q2(a, v) of√
π/2 e−(v)V (−1/2 − iω, zv ) in J2, by using the recurrence

relation (see (19.6.5) in [36])
d

dz
V (a, z) − z

2
V (a, z) −

(
a − 1

2

)
V (a − 1, z) = 0, (B6)

we find

Q2(a, v) = −
√

D

a + 1
2

V (a + 1, zv )e−(v). (B7)

So, this means that taking the antiderivative of a parabolic
cylinder function times e−(v) is equivalent to increasing the
first argument of the parabolic cylinder function by one and
multiplying by a factor, while e−(v) remains unchanged.

Applying Eq. (B5) twice to Eq. (B3), we obtain

J1(vk ) =
√

D[v j e−(vk )q11(vk ) −
√

D e−(vk )q12(vk )

− lim
v→−∞ v {e−(v)q11(v) +

√
D e−(v)q12(v)}],

(B8)

where q11 and q12 are parabolic cylinder functions with an
increased first argument:

q11(v) = U

(
1

2
− iω,

μ − v√
D

)
,

q12(v) = U

(
3

2
− iω,

μ − v√
D

)
.

(B9)

Using an expansion of U (a, z) for z > 0 and z � |a| (see
(19.8.1) in Ref. [36]),

U (a, z) ∼ exp
[− 1

4 z2
]
z−a− 1

2 [1 − O(z−2)s], (B10)

we see that the limit v → −∞ [second line in Eq. (B8)]
vanishes. Following the same steps for the second line of

Eq. (B2) with Eq. (B7) instead of Eq. (B5) yields

J2(v
) =
√

D

iω

[
vT e−(vT )q21(vT ) +

√
D

1 − iω
e−(vT )q22(vT )

− v
 e−(v
)q21(v
) −
√

D

1 − iω
e−(v
)q22(v
)

]
,

(B11)

with parabolic cylinder functions

q21(v) =
√

π

2
V

(
1

2
− iω,

μ − v√
D

)
,

q22(v) =
√

π

2
V

(
3

2
− iω,

μ − v√
D

)
. (B12)

Inserting Eqs. (B8) and (B11) back into Eq. (B1), we obtain

I (v
) = e−(vT )√
D

q1(v
)

q1(vT )
[vT A1(vT ) −

√
D A2(vT )] − e−(v
)√

D

× [v
A1(v
) −
√

D A2(v
)], (B13)

where

A1(vk ) = q2(vk )q11(vk ) − q21(vk )q1(vk )

iω
, (B14)

A2(vk ) = q2(vk )q12(vk ) + q22(vk )q1(vk )

iω(1 − iω)
. (B15)

Next, we want to simplify A1 and A2. To achieve this, we apply
some additional recurrence relations (Eqs. (19.6.1), (19.6.6) in
Ref. [36])

d

dz
U (a, z) + z

2
U (a, z) +

(
a + 1

2

)
U (a + 1, z) = 0,

(B16)
d

dz
V (a, z) + z

2
V (a, z) − V (a − 1, z) = 0,

as well as another property of the parabolic cylinder functions

U (a, z)
d

dzv

V (a, zv ) − V (a, zv )
d

dzv

U (a, zv ) = −
√

2D

π
.

(B17)

This follows from the Wronskian of these parabolic cylinder
functions (Eq. (19.4.1) in Ref. [36]) and the application of the
chain rule. We use Eq. (B17) to eliminate the parabolic cylin-
der functions from A1 and A2. To do so, we first have to bring
all parabolic cylinder functions to the same first argument. We
achieve this by applying the recurrence relations Eq. (B16) for
A1 once and for A2 twice. Doing all this, the parabolic cylinder
functions drop out:

A1 =
√

D

iω
, A2(vk ) = vk − μ

iω(1 − iω)
. (B18)

By inserting Eq. (B18) into Eq. (B13), we end up with the
final result for I:

I (v
) = 1

iω(1 − iω)

[
e−(vT )

q1(v
)

q1(vT )
(μ − iωvT )

− e−(v
)(μ − iωv
)

]
. (B19)

044404-12



FLUCTUATION-RESPONSE RELATIONS AND … PHYSICAL REVIEW E 112, 044404 (2025)

[1] E. R. Kandel, J. H. Schwartz, and T. M. Jessel, Principles of
Neural Science (McGraw-Hill Companies, U.S., New York,
2000).

[2] F. Rieke, D. Warland, R. de Ruyter van Steveninck, and
W. Bialek, Spikes: Exploring the Neural Code (MIT Press,
Cambridge, Massachusetts, 1996).

[3] P. Dayan and L. F. Abbott, Theoretical Neuroscience (MIT
Press, Cambridge MA, 2001).

[4] A. V. Holden, Models of the Stochastic Activity of Neurones
(Springer-Verlag, Berlin, 1976).

[5] L. M. Ricciardi, Diffusion Processes and Related Topics on
Biology (Springer-Verlag, Berlin, 1977).

[6] H. C. Tuckwell, Stochastic Processes in the Neuroscience
(SIAM, Philadelphia, Pennsylvania, 1989).

[7] W. Gerstner, W. M. Kistler, R. Naud, and L. Paninski, Neuronal
Dynamics: From Single Neurons to Networks and Models of
Cognition (Cambridge University Press, Cambridge, 2014).

[8] F. Gabbiani and S. J. Cox, Mathematics for Neuroscientists
(Academic Press, San Diego, 2017).

[9] N. Fourcaud and N. Brunel, Dynamics of the firing probability
of noisy integrate-and-fire neurons, Neural Comput. 14, 2057
(2002).

[10] A. N. Burkitt, A review of the integrate-and-fire neuron
model: I. Homogeneous synaptic input, Biol. Cybern. 95, 1
(2006).

[11] A. N. Burkitt, A review of the integrate-and-fire neuron model:
II. Inhomogeneous synaptic input and network properties, Biol.
Cybern. 95, 97 (2006).

[12] B. Lindner, L. Schimansky-Geier, and A. Longtin, Maximizing
spike train coherence or incoherence in the leaky integrate-and-
fire model, Phys. Rev. E 66, 031916 (2002).

[13] N. Brunel, F. S. Chance, N. Fourcaud, and L. F. Abbott, Effects
of synaptic noise and filtering on the frequency response of
spiking neurons, Phys. Rev. Lett. 86, 2186 (2001).

[14] B. Lindner and L. Schimansky-Geier, Transmission of noise
coded versus additive signals through a neuronal ensemble,
Phys. Rev. Lett. 86, 2934 (2001).

[15] F. Droste and B. Lindner, Exact results for power spectrum and
susceptibility of a leaky integrate-and-fire neuron with two-state
noise, Phys. Rev. E 95, 012411 (2017).

[16] M. J. E. Richardson and R. Swarbrick, Firing-rate response of a
neuron receiving excitatory and inhibitory synaptic shot noise,
Phys. Rev. Lett. 105, 178102 (2010).

[17] F. Droste and B. Lindner, Exact analytical results for integrate-
and-fire neurons driven by excitatory shot noise, J. Comp.
Neurosci. 43, 81 (2017).

[18] U. M. B. Marconi, A. Puglisi, L. Rondoni, and A. Vulpiani,
Fluctuation-dissipation: Response theory in statistical physics,
Phys. Rep. 461, 111 (2008).

[19] B. J. He, Spontaneous and task-evoked brain activity negatively
interact, J. Neurosci. 33, 4672 (2013).

[20] Z. Huang, J. Zhang, A. Longtin, G. Dumont, N. W. Duncan, J.
Pokorny, P. Qin, R. Dai, F. Ferri, X. Weng, and G. Northoff,
Is there a nonadditive interaction between spontaneous and
evoked activity? Phase-dependence and its relation to the tem-
poral structure of scale-free brain activity, Cereb. Cortex 27,
1037 (2017).

[21] G. Deco, C. W. Lynn, Y. Sanz Perl, and M. L. Kringelbach,
Violations of the fluctuation-dissipation theorem reveal distinct

non-equilibrium dynamics of brain states, Phys. Rev. E 108,
064410 (2023).

[22] A. Sarracino, O. Arviv, O. Shriki, and L. de Arcangelis, Pre-
dicting brain evoked response to external stimuli from temporal
correlations of spontaneous activity, Phys. Rev. Res. 2, 033355
(2020).

[23] M. K. Nandi, A. de Candia, A. Sarracino, H. J. Herrmann,
and L. de Arcangelis, Fluctuation-dissipation relations in the
imbalanced Wilson-Cowan model, Phys. Rev. E 107, 064307
(2023).

[24] R. Jolivet, F. Schürmann, T. K. Berger, R. Naud, W. Gerstner,
and A. Roth, The quantitative single-neuron modeling competi-
tion, Biol. Cybern. 99, 417 (2008).

[25] A. Pérez-Cervera, B. Gutkin, P. J. Thomas, and B. Lindner, A
universal description of stochastic oscillators, Proc. Natl. Acad.
Sci. USA 120, e2303222120 (2023).

[26] B. Lindner, Fluctuation-dissipation relations for spiking neu-
rons, Phys. Rev. Lett. 129, 198101 (2022).

[27] F. Puttkammer and B. Lindner, Fluctuation–response relations
for integrate-and-fire models with an absolute refractory period,
Biol. Cybern. 118, 7 (2024).

[28] J. Stubenrauch and B. Lindner, Furutsu-Novikov–like cross-
correlation–response relations for systems driven by shot noise,
Phys. Rev. X 14, 041047 (2024).

[29] M. J. E. Richardson, N. Brunel, and V. Hakim, From sub-
threshold to firing-rate resonance, J. Neurophysiol. 89, 2538
(2003).

[30] C. W. Gardiner, Handbook of Stochastic Methods (Springer-
Verlag, Berlin, 1985).

[31] K. Klett, GitHub repository, https://github.com/KoljaStudent/
FRR-and-RRR-code.

[32] C. R. Laing and C. C. Chow, Stationary bumps in networks of
spiking neurons, Neural Comput. 13, 1473 (2001).

[33] H. Meffin, A. N. Burkitt, and D. B. Grayden, An analytical
model for the "large, fluctuating synaptic conductance state"
typical of neocortical neurons in vivo, J. Comp. Neurosci 16,
159 (2004).

[34] R. D. Vilela and B. Lindner, A comparative study of three differ-
ent integrate-and-fire neurons: spontaneous activity, dynamical
response, and stimulus-induced correlation, Phys. Rev. E 80,
031909 (2009).

[35] N. Brunel and V. Hakim, Fast global oscillations in networks of
integrate-and-fire neurons with low firing rates, Neural Comput.
11, 1621 (1999).

[36] M. Abramowitz and I. A. Stegun, Handbook of Mathematical
Functions (Dover, New York, 1972).

[37] K. Furutsu, On the statistical theory of electromagnetic waves
in a fluctuating medium: I, Res. Natl Bur. Stand. D 67, 303
(1963).

[38] E. A. Novikov, Functionals and random-force method
in turbulence theory, Sov. Phys. Jetp-USSR 20, 1290
(1965).

[39] N. Brunel, V. Hakim, and M. J. E. Richardson, Firing-rate
resonance in a generalized integrate-and-fire neuron with sub-
threshold resonance, Phys. Rev. E 67, 051916 (2003).

[40] B. Lindner, Fluctuation-dissipation relations for spiking neu-
rons, arXiv:2304.07027.

[41] B. Lindner, Coherence and Stochastic Resonance in Nonlinear
Dynamical Systems (Logos-Verlag, Berlin, 2002).

044404-13

https://doi.org/10.1162/089976602320264015
https://doi.org/10.1007/s00422-006-0068-6
https://doi.org/10.1007/s00422-006-0082-8
https://doi.org/10.1103/PhysRevE.66.031916
https://doi.org/10.1103/PhysRevLett.86.2186
https://doi.org/10.1103/PhysRevLett.86.2934
https://doi.org/10.1103/PhysRevE.95.012411
https://doi.org/10.1103/PhysRevLett.105.178102
https://doi.org/10.1007/s10827-017-0649-5
https://doi.org/10.1016/j.physrep.2008.02.002
https://doi.org/10.1523/JNEUROSCI.2922-12.2013
https://doi.org/10.1093/cercor/bhv288
https://doi.org/10.1103/PhysRevE.108.064410
https://doi.org/10.1103/PhysRevResearch.2.033355
https://doi.org/10.1103/PhysRevE.107.064307
https://doi.org/10.1007/s00422-008-0261-x
https://doi.org/10.1073/pnas.2303222120
https://doi.org/10.1103/PhysRevLett.129.198101
https://doi.org/10.1007/s00422-023-00982-9
https://doi.org/10.1103/PhysRevX.14.041047
https://doi.org/10.1152/jn.00955.2002
https://github.com/KoljaStudent/FRR-and-RRR-code
https://doi.org/10.1162/089976601750264974
https://doi.org/10.1023/B:JCNS.0000014108.03012.81
https://doi.org/10.1103/PhysRevE.80.031909
https://doi.org/10.1162/089976699300016179
https://nvlpubs.nist.gov/nistpubs/jres/67D/jresv67Dn3p303_A1b.pdf
https://doi.org/10.1103/PhysRevE.67.051916
https://arxiv.org/abs/2304.07027


KOLJA KLETT AND BENJAMIN LINDNER PHYSICAL REVIEW E 112, 044404 (2025)

[42] P. Jung, Periodically driven stochastic systems, Phys. Rep. 234,
175 (1993).

[43] R. Brette and W. Gerstner, Adaptive exponential integrate-and-
fire model as an effective description of neuronal activity, J.
Neurophysiol. 94, 3637 (2005).

[44] J. Touboul and R. Brette, Dynamics and bifurcations of the
adaptive exponential integrate-and-fire model, Biol. Cybern. 99,
319 (2008).

[45] L. Kiessling and B. Lindner, Extraction of parameters of a
stochastic integrate-and-fire model with adaptation from volt-
age recordings, Biol. Cybern. 119, 2 (2025).

[46] R. D. Vilela and B. Lindner, Are the input parameters of white-
noise-driven integrate & fire neurons uniquely determined by
rate and CV? J. Theor. Biol. 257, 90 (2009).

[47] E. M. Izhikevich, Resonate-and-fire neurons, Neural Netw. 14,
883 (2001).

[48] B. Lindner, Mechanisms of information filtering in neural
systems, IEEE Trans. Mol. Biol. Multi-Scale Commun. 2, 5
(2016).

[49] S. Blankenburg, W. Wu, B. Lindner, and S. Schreiber, Informa-
tion filtering in resonant neurons, J. Comput. Neurosci. 39, 349
(2015).

044404-14

https://doi.org/10.1016/0370-1573(93)90022-6
https://doi.org/10.1152/jn.00686.2005
https://doi.org/10.1007/s00422-008-0267-4
https://doi.org/10.1007/s00422-024-01000-2
https://doi.org/10.1016/j.jtbi.2008.11.004
https://doi.org/10.1016/S0893-6080(01)00078-8
https://doi.org/10.1109/TMBMC.2016.2618863
https://doi.org/10.1007/s10827-015-0580-6

