9 Background: Predicate Logic

9.1Introduction

Variable assignments were developed in a branch of logic called predicate logic. As this is a
notational system widely used in semantics, a short introduction will be included here.

In Statement Logic (cf. section 4) the basic expressions were statements that could be true or
false, and that could form complex statements using the connectives @, U, U,® and « .

Predicate Logic also has ways to refer to expressions that make up simple statements. One
particularly smple and important version, called first-order predicate logic, has the following
types of expressions.

Terms, which refer to entities in the universe of discourse;
Pr edicates, which refer to relations between entities in the universe of discourse.

Terms come in two varieties, called names or individual constants, and variables. Vari-
ables are comparable to pronouns or empty elementsin natural language.

Predicates are given as relations. For example, a two-place predicate that represents the Eng-
lish verb lovewould be rendered as arelation symbol L that takes a pair of names like s, m and
forms a sentence L (s, m) (pronounced “L of s, m”, which is meant to be interpreted as “sloves
m”). This contrasts with the notation we have employed so far, which could be rendered as
L(m)(s). Recall that this notation is better suited for linguistic purposes, as it reflects the fact that the
object argument is syntactically closer to the verb than the subject argument.

A predicate that takes one term argument is called “one-place’. We have n-place predicates,
for any natural number n. Of course, in natural language we only find predicates with relatively few
arguments, but there is no problem in defining, say, a 17-place predicate. We aso have 0-place
predicates; these are predicates that need no argument at all to form a sentence, that is, O-place
predicates are basic sentences.

Sentences are also called for mulas.

The only two quantifiers of predicate logic are the universal quantifier and the existential
quantifier, written “" ” and “ $”, followed by avariable. Typical quantified statements have the
following form:

(1) a $xL(sx) ‘Thereisan x suchthat L of s, X, ‘Thereisan x such that sloves x’
b. " x L(sX) ‘For all x it holdsthat L of s, x’, ‘For al x it holds that sloves x’

The glosses show that the quantifiers of predicate logic are to be understood like English
something or everything.

Some other quantifiers can be expressed indirectly in first-order predicate logic, for example
the negative quantifier:

(2) DX L(s, x) ‘It is not the case that there is an x such that sloves x’,
=‘Thereisno x such that sloves x’
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149 Background: Predicate Logic

9.1.1 Syntax of Predicate Logic

A more formal definition of the language of first-order predicate logic follows. We start with the

basic expressions of each category:

(3 a Terms:
i) We havevariablesxo, X3 X, e (I'will usex, y, zfor X1 X xz).
i) Wehaveindividual constantsc ,c,c,, ...(I will use small letters as
abbreviations, eg. mfor c ).

b. Predicates:
We have, for each natural number n, n-place predicate constants P, P';, P',,
P"., etc. (I will use capita letters for abbreviation, e.g. Sfor P*,, L for P, etc.)

Rules for forming well-formed expressions of each category:

(4) a If aisabasic expression of acategory, then a isawell-formed expression
of that category.
b. If pisann-place predicateandt , ...t areterms, then p(t,,..t,) isaformula
c. If F,Y areformulas, then-F,[F UY],[F UY],[F ® Y],[F « Y] areformulas.
d. If F isaformulaand v isavariable, then" v, $vF areformulas.

An example of well-formed formulas of predicate logic:
(5) " XO[PlO(XO) ® $XlF)ZO(XO’ X:L)]

(with the abbreviations introduced above, we may write" X[S(x) ® $yL(X, Y)])
9.2Quantifiersand their variables

There are various notions that apply to quantifiers and variables.

Inaformulalike" vF, we say that F isthe scope of the quantifier occurrence " v, and simi-

larly for $vF . For example:

a) " x§(x) Scope of " x: §(x)
b) " xS(x) UP(x) Scope of " x: S(X)
)" X[S(x) UP(X)] Scope of " x: [S(X) U P(x)]

d) " X[S(X) ® $yL(x,y)] Scopeof" x: [S(X) ® $yL(x,y)] Scope of $y: L(X,y)

e)" xBY[S(x) ® L(x,y)] Scopeof" x: By[S(x) ® L(x,y)] Scopeof $y: [S(X) ® L(x,y)]
An occurrence veof avariablev iscaled bound if veisin the scope of a quantifier $v or " v.

If an occurrence of avariable isnot bound, it is called free Examples:

f) All the variable occurrences in the above examples (a-€)are bound,
for except x in P(x) in case (b).

g) S(x) Occurrence of x isfree.
h) " x S(y) Occurrence of y isfree.
i) " xL(xy) Occurrence of y isfree.
D) [$x$yL(x,y) US(X)] The second occurrence of x isfree.

An occurrence veof avariablev isbound by a quantifier occurrence Q¢of $v (or" v) iff
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The Expressiveness of Predicate Logic 150

veisin the scope of the quantifier occurrence Q¢

thereis no occurrence Q? of aquantifier $v or" v such that Q2 isin the scope of Q¢ and v¢isin
the scope of (% (that is, QCisthe “closest” gantifier occurrence that binds variables v, in terms
of scope).

Examples:
K) In examples (a)-(€), the variable occurrences are bound by their respective quantifiers.
) "x[S(x) ® $x P(x)] Binding relations as indicated.
m) " x[$x P(x) ® S(x)] Binding relations as indicated.

n) "ﬁx[S(x) U L(x, ¥)] Binding relations as indicated.

The syntactic rule (4) dlows for vacuous quantification. That is, an expression like
" x§(m) isawell-formed formula, athough ™ x binds no variable. Thisis harmless when it comes
to semantic interpretation, aswe will see.

A formulathat does contain variable occurrences that are not bound by any quantifier is called
open. A formulathat is not open is closed. (Sometimes, we call a closed formula sentence or
statement).

9.3The Expressiveness of Predicate L ogic

Predicate Logic isahighly expressive formal language, that is, it can be used to formulate many
statements. Thisisthe reason why it iswidely used in mathematics and philosophy. There is even
one proposal of an artificial human language that is partly based on predicate logic, alanguage
caled Loglan by James Cooke Brown.

Before we go into the semantics of expressions of predicate logic, let us see with afew examples
what can be expressed in predicate logic.

So far, we have introduced quantifiers that correspond to English everyone and someone (or
everything and something, depending on whether we are speaking about persons or things). But in
many cases, quantification is explicitly restricted to certain entities. For example, every girl ex-
presses a universal quantification restricted to girls, and some boy expresses an existential quantifi-
cation restricted to boys. Do we need special quantifiers for noun phrases like every girl or some
boy? The answer is No: We can use the general universal and existential quantifier to express sen-
tences containing these noun phrases. For example:

(6) Somegirl sang: $X[G(x) U S(x)]
(“something isagirl and sang”, .
“thereisat least one value for x for which [G(x) U S(x)] istrue”)
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151 Background: Predicate Logic

(7) Bverygirl sang " X[G(X) ® S(x)]
(“everything issuch that if it isagirl, then it sang”,
“for every value of x it holdsthat [G(X) ® S(x)] istrue.

Note that the last formula happens to be true even if thereisno girl. Thisis due to the logic of the
conditiond, ® : If G(x) isfalse, then G(x) ® S(x) will be true. It is unclear whether the English
sentence every girl sang is true when there is no girl (consider the dialogue: Have you invested
every case of malaria? - Yes, there was none.) But it certainly is not false -- it is, perhaps, inappro-
priate. The predicate logic formula does not capture that.

Aristotle assumed four forms of general statements (which he called “particular affirmative”,
“universal affirmative”, “universal negative”, and “particular negative”), and they al can easily be
captured with our quantifiers together with the sententia operators negation, conjunction and condi-
tional:

(8) a particular affirmative, e.g. some girl sang: $X[G(x) U S(x)]
b. universal affirmative, e.g. every girl sang " X[G(X) ® S(X)]
C. universa negative, e.g. no girl sang: DSX[G(X) U S(X)]
d. particular negative, eg. some girl didn't sing: @" x[G(x) ® S(x)]

Asfor the representation of particular negative statements, notice that some girl didn’t sing
could also be expressed by not every girl sang.

Predicate logic is much more flexible than Aristotle's logic. For example, we can treat sen-
tences with more than one quantifier, like Everyone likes someone. Some more examples of that
type:

(9) a Everygirl likessomeboy: " x[G(x) ® $y[B(y) UL(X,y)]]

b. Some girl likes every boy: $x[G(x) U" y[B(y) ® L(x.y)]]

c. Somegirl likes every boy that likes her:
$X[G(x) U™ y[[B(y) UL(y.X)] ® L(xy)I]
d. Every girl likes some boy that likes some girl:
" X[G(X) ® $y[B(y) U$z[G(2) UL(y.2)] UL(xY)I]

Assume that we have an identity relation =. Thisisjust a special two-place relation, where we
have that for any two termsa, b, a=b istrueif the meaning of a and the meaning of b is the same.
Then we can render even more complicated sentences.

(10)a. Every girl likestwo (or more) boys.

" X[G(x) ® $y$z[B(y) UB(2) U-y=z UL(xy) UL(x,2)]]
b. Every girl likesexactly oneboy. .

" X[G(x) ® $y[B(y) UL(xy) U" Z[[B(z) UL(x,2)] ® y=7]]]]
c. BEvery girl likes a different boy.

" X[G(x) ® $y[B(y) UL(x)y) U-$2[G(2) U-z=x UL(zy)]]]
d. Every girl and every boy like each other.

" X" Y[[G(x) UB(y)] ® [L(x,y) UL(y.x)]]

This great flexibility and expressiveness makes predicate logic an ideal tool for expressing
mathematical statements. It also often allows usto clarify readings of natural-language expressions.
But we will seethat predicate logic hasits limits, and that natural langu, while being less precise, is
actually more expressive than predicate logic.
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9.4The Semantics of Predicate Logic

Asinthe case of statement logic, predicate logic can only tell us what the meaning of a complex
expression is, given the meaning of the basic expressions. The only difference isthat we have more
categories of basic expressions, and more syntactic rules. For the interpretation of predicate logic
we also introduce the notion of a model. A model specifies, in essence, how basic expressions
(constants and variables) should be interpreted. In particular, amodel for predicate logic consists of
two things:

(11)a. A st D, thedomain of discour se (whichwehavecdledD,).
b. A function F that gives usthe meaning of constant basic expressions.

A model M isgiven asapair of adomain and a meaning assignment, &, Fii

The meaning assignment for constant basic expressions F will depend on the specific as-
sumptions we have for the meanings of basic expressions. However, F must assign meanings of the
proper type. In particular,

- individua constants are mapped to elements of D,

- basic formulas (0-place predicates) are mapped to elements of { 0,1},

- basic 1-place predicates will be mapped to subsets of D,

- basic 2-place predicates will be mapped to two-place relationsin D,

- in generd, basic n-place predicates will be mapped to n-place relationsin D

Example of amodel for a simple predicate logic with namesm, s, j, one-place predicates G, B, S,
and two-place predicate L.

(12)a M =&, Fi
b. D ={Mary, Sue, John}
c. F(m) = Mary, F(s) = Sue, F(j) = John,
F(G) = {Mary, Sue}, F(B) ={John}, F(S) = {Mary}
F(L) = { & ary, Johni} &ue, Maryf alohn, Johnii aMary, Sue

F will give usjust the meaning of the basic constants. The meaning of the variablesis given by
variable assignments. These are functions from the set of variables to the domain D. In contrast
to the variable assignments we have used in the last section, variable assignments in predicate logic
arenot partial but total, that is, they map each variable to some vaue. | will use g, g¢etc. for variable
assignments. An example of avariable assignment for the model given above (only the first four
values are specified):

(13)g: VAR ® D, where g(x) = Mary, g(y) = John, g(z) = Mary, g(x3) = Sue, ...

that is, g = { &,, Maryf &, Johni &,, Maryi &, Sud ...}

The meaning of complex expressions will be given in terms of the meanings of their imme-
diate parts, asfollows:

Let M =&, Fiibe amodel for predicate logic that satisfies the requirements given above, and
let g be avariable assignment. Then we can specify the meaning of expressionsa with respect to M
and g, commonly written as[a]"¢, in the following way:
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(14)a. If a isabasic constant expression, then [a]“? = F(a).
b. If a isavariable, then[a]"? = g(a).
(That is, constants are interpreted by F, variables are interpreted by g).
c. If If pisann-place predicateandt , ... t, areterms, then
[p(ty,..t)]™e = Lif gt "o, [t "Rl [p]"?, elseO.
d. If F,Y areformulas, then
[-F]"9=1 if [F]M9=0,elsel.
[[FUY]™9=1 if[F]"9=1and[Y]"9=1, dseO.
[[FUY]"9=0 if[F]"*=0and[Y] =0, ¢esel.
[[F® Y] =0if [F]"*=1and[Y]"9=0,elsel.
[[F « YM9=1if [F]"9=[Y]"9, elseO.

These are the usua interpretation rules of the operators of statement logic.

e. Therulefor identity “=", which is a special two-place relation:
[a=b]"9 =1if [a]"9 =[b]"9, eseO.

(Note that the first occurrence of “=" isa symbol of the object language,
the second is part of the definition scheme (we could have written “=," ),
and the third is sasymbol of the metalanguage).

f. If F isaformulaand x isavariable, then
[$xF]"¢ = 1iff for ome elementd, d I D, it holdsthat [F]" 9 =1,
[" xF]"9 = 1iff for every elementd, d1 D, it holdsthat [F]" o™/ = 1.

Here, g[x/d] stands for assignment variants (cf. section 8); g[x/d] is the assignment
that islike g except that it maps the variable x to the object d.

Let us consider some examples, all with respect to the model given above, (12), and the vari-

able assignment
(15)g = { &, Johni &, Sue &, Maryf &, Sue...}.
We start with some formulas that do not involve quantifiers.

e [Gm)Me=1 if[m]"°T [G]",
if F(m) 1 F(G), whichisthe case, hence [G(m)]"¢ = 1.

(17) [[G(m) UL(m,)]]"¢ = 1if [G(m) "9 =1 and [L(mj) "9 =1
if [mMe1 [G]"9 and gm]"9, [j]"enl [L]™o
if Fm T F(G) and &(m), FG)Al F(L)
Thisisthe case, hence: 1.

(18) [GO)]™¢ = 1if [x]"¢T [G]"s,
if g(x) T [G]™9, which is not the case, hence: 0.

Now afew formulas with quantifiers:
(19) [$xG(x)]™? = 1iff for someelementd, d1 D, it holdsthat [G(x) ™9/ =1,

We have a choice of three cases, d = Mary, d = John, d = Sue.
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Taked = Mary,
wehave [G(x)]" oM = 1 jff
[g]M,g[x/Mary] ’|‘ [G]M,g[x/Mary], |ff
gxMary](x) T F(G), iff
Mary | {Mary, Sue}, which istrue, according to our model.

Hence we have found ad as required, hence [$xG(x)]"9 = 1.

(20) [* X[G(x) ® S| =1
iff for everyelementd, d1 D, it holdsthat [[G(x) ® S(x)]]" 94 = 1.

We have three elementsto consider: d = Mary, d = John, d = Sue.

Cased = Mary:
[[G(x) ® SIM™ M= =0, iff
[G(X)]M,g[x/Mary] =1 and[s(x)]M,g[x/Mary] = O, iff
[X]M,g[x/Mary] ’|‘ [G]M,g[x/Mary] and [X]M,g[x/Mary] | [S M,g[x/Mary], |ff
gxMary]() 1 F(G)  and g[x/Mary](x) T F(S), iff
Mary T {Mary, Sue} and Mary T {Mary}, whichis
True and False, respectively, in our modedl.

Hence we know that [[G(x) ® S(x)]]"9>™=¥11 0, hence=1.

Case d = John:
[[G(x) ® S)]]* <™ =0, iff
(similar derivation as above)
JohnT {Mary, Sue} and John T {Mary}
False True

Hence we know that [[G(x) ® S(x)]]" e 1 0, hence= 1.

Cased = Sue:
[[G() ® SX)]]*o =0, iff
(similar derivation as above)
Suel {Mary, Sue} and Suel {Mary}
True True

Hence we know that [[G(x) ® S(x)]]" /s =0,
So we were not able to show [[G(x) ® S(x)]]" ¥4 =1 for al dT D.

Hence we know that [" X[G(x) ® S(x)]]"9 = 0.

Theformula“" x[G(x) ® S(x)]” shows away how predicate logic can mimick restricted
quantification. If G standsfor girl and Sfor Seep, then thisis agood representation of the English
sentence Every girl sleeps. But, technically, it say something quite different, namely: for every x it
holds: if x isagirl, then x slegps. Notice that thisis aquantification over all entities.

Let usfinaly consider an example with more than one quantifier:
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1) [" xSyLx )™ = 1iff
for every d, d1 D, [$yL(x,y)|" 94 =1

We have three cases to consider: d = Mary, d = Sue, d = John.

Cased = Mary: A
[SyL(xy)]" oMY = 1 iff thereisad, d I D, such that [L(x,y)]"-o>/Mavilyidl = 1,

We have a choice of three cases, d = Mary, d = John, d = Sue.

Take d = John.

[L(X’y)]M,g[x/Mary][y/d] - 1, as
éIX]M,g[x/Mary][y/John]’ [y]M,g[x/Mary][y/John]ﬁl [L]M,g[x/Mary][y/John]’ as

&[x/Mary][y/John](x), g[x/Mary][y/John](y)Al F(L), as

aary, Johnii T F(L), as

aary, Johniil {aviary, Johnfj &Sue, Maryfi &ohn, Johnf & ary, Suet,
whichis True.

Case d = Sue; A
[$yL(x,y)]M’9[x’5“e] = 1iff thereisad, d| D, such that [L(x,y)]“"*glx’s”e”y’d] =1

We have achoice of three cases, d = Mary, d = John, d = Sue.

Taked = Mary. Wefind: [L(x,y)]"eb/suelly/dl = 1,
Case d = John,
[SyL(x,y)]" 9%l = 1 iff thereisad, d T D, such that [L(x,y)]" o/envdl = 1,
We have a choice of three cases, d = Mary, d = John, d = Sue.
Take d = John. We find: [L(x,y)] " 9x/ehnily/senn] = 7
Hence: [ x$yL(x,y)]]" = 1.
And now an example in which the order of the quantifiersis different:
(22) [$x" yL(xy)]"9 = 1iff
thereisad, d1 D, such that [" yL(x,y)]" o™ = 1,
iff for every d¢ d¢l D, [L(x,y)]"e/av/el = 1,

(I use here a different meta-language variable d¢to keep the two places distinct, which
facilitates the discussion)

We have a choice of three cases. d = Mary, d = Sue, d = John.
Taked = Mary. A
Isit the case that for every d¢ d¢l D, [L(x,y)]" o/l =1 2
No; one counterexample isd¢= Mary.

Taked = Sue. A
Isit the case that for every d¢ d¢l D, [L(x,y)]"o/avdl = 1 2
No; one counterexample is d¢= John.
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Take d = John. A
Isit the case that for every d', d' T D, [L(x,y)]"" o/ I/¥T =12
No again; one counterexampleisd' = Mary.

Hence we were not able to find ad, asrequired.
Hence [$x" yL(xy)]"? = 0.

We see that the order of quantifiers can make a semantic difference. It may be that with respect to
the same model, the formula™ x$yL (x,y) istrue, but the formula$y" xL(x,y) isfase.

9.5TheImportance of Predicate Logic

The flexibility of predicate logic is quite evident. No wonder that it became afavorite tool for de-
scribing mathematical structures, formalizing theories, etc. In addition to that, powerful algorithms
have been proposed that allow us to find out whether one predicate logic statement follows from
another statement (so-called proof or deduction systems). We will not go into these issues here
(seefor adiscussion Partee, ter Meulen & Wall ch. 7). Here just some important facts about predi-
catelogic:

A predicate logic that just allows for quantification over individuasis called fir st-order predi-
catelogic. If thelogic aso alows quantification over sets (predicate meanings), we call it sec-
ond order. An example of a second-order expression is $X[X(a) UX(b)] (roughly, thereisa
property that aand b share).

For first-order predicate logic there are deduction systems that are complete. That is, whenever
a sentence entails another sentence, the deduction system will show that thisisthe case.

Of course, the deduction systems are also sound. That is, whenever the deduction system tells
us that from one statement F we can derive another statement Y , then it is guaranteed that F
entailsY .

If weuse“F P Y” for “F entailsY”, asemantic notion, and “F |— Y ” for “the deduction
system allowsusderiveY from F”, then this property of first-order predicate logic can be ex-
pressed as follows:

(23)There are deduction systems for first-order predicate logic for which it holds for any two sen-
tencesF,Y: [F b Y]if,andonlyif,[F |— Y].
(Thisisthe famous compl eteness theorem for first-order predicate logic, due to Kurt Gode,
1930).

For second-order predicate logic, it has been shown that there cannot be a complete deduction
system (thisisthe even more famous incompl eteness theorem due to Godel, 1931, together with
his compl eteness theorem perhaps the most important discovery ever made in logic).

In order to formalize mathematics (even smple arithmetics), we need second-order predicate
logic. Hence there is no complete deduction system for mathematics. Or, there are true sen-
tences in mathematics that cannot be proved by any deduction system.

We will seethat, for the semantics of natural language, the complexity of first-order predicate
logic is not sufficient either.
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9.6A Comparison with Generalized Quantifier Theory

First-order predicate logic was mainly developed as atool to express statements in mathematics and
other fieldsin a precise, unambiguous way. The question arises how it compares to quantification in
natural languages. Of course, natural languages are highly ambiguous (they have no brackets, they
have alimited set of distinctive pronouns etc.). But they are also more expressive than first-order
predicate logic. And it turns out that Generalized Quantifier Theory is abetter model for quantifica-
tion in natural language than first-order predicate logic.

For one thing, Generalized Quantifier Theory allows for a better fit between syntactic structure and
semantic intepretation. Consider the way how the following sentences are expressed in fist-order
predicate logic and in GQ theory:

(24)a. English:
N
—N I dept /<\slept
a o every qirl
b. Predicate Logic:
$ "X T~
’ Gmx) Gx) ® SX)

c. Generdlized Quantifiers:

T PIQIPT QG
=GCS' A& =G I S

Notice that an indefinite NP like a girl is expressed by an existential quantifier and a sentence
connective, aconjunction. A universal NP is expressed by a universal quantifier and a conditional.
Thereis hardly any correspondence between the structure of the English sentences and the structure
of the formulasin predicate logic. But there is a perfect correspondence between the English sen-
tences and the GQ analyses.

Also, Generalized Quantifiers are more expressive. True, some statements with generalized
quantifiers can be expressed in predicate logic, though it’ s often awkward:
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(25)a. Nogirl dept.

| PLQ[P C Q=A(G)(S)
@$X[G(x) US(X)]

b. Three girlsdept.
| Pl Q[#P C Q)2 3](C)(S) . . . . .
$xPy$z[G(x) UG(y) UG(2) US(xX) US(y) U S(z) UDx=y UBy=z UDx=7]

But others cannot be expressed in predicate logic, most notably sentences with NPs that have
proportional quantifiers:

(26) Most girlsdept.
| Pl Q[#(P C Q) > /2 #P|(G)(S)

The problem with proportional quantifiersisthat they have to refer to the cardinality of two sets. In
our example, we need the number of girls, G. If we had that (say, the number of girlsisn), then the
sentence could be rendered just like “At least (n+1) girls slept”, and this we could expressin first-
order predicate logic. But first-order predicate logic does not allow us to use an operator like the
cardinality operatior “#’: Thisis an operator that takes a predicate as an argument, and that’s not
defined in first-order predicate logic. It can be defined in second-order predicate logic, of course,
but second-order predicate logic does not have the nice logical feature of completeness.
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